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How dense can nuclear matter be?
Interaction Cloud Size 
rsoft ∼ 1/(2mπ) ∼ 0.7 fm

Baryon Number Distribution Size 
rhard ∼ 0.5 fm

Closest Packed State (hcp/fcc) Filling rate ~ 74%

0.74 × (4π
3

r3
hard)−1 ≈ 1.4 fm−3 ≈ 8.3 nsat

Nuclear matter cannot exist at this density!
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How dense can nuclear matter be?

Interaction-mediated Percolation

0.34 × (4π
3

r3
soft)−1 ≈ 0.24 fm−3 ≈ 1.5 nsat

Standard nuclear-physics calculations may break down 
at this density due to the lack of multi-body interactions.

Percolation threshold

(From Wikipedia)

3D critical filling density ~ 34%

See: Fukushima-Kojo-Weise (2020) for more details.

(Excellent Wikipedia!)
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Structures [Wikipedia]

(Somebody must really correct the Wikipedia…)

The density at the deepest core can reach  and 
the binary neutron star merger can reach 

> 5ρsat
> 8ρsat

quark matter!
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Highest accessible density
14
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FIG. 9. Evolution of the maximum rest-mass density of the system for various models in the CO scenario. The left panel
shows the results for the equal-mass models with di!erent values of m0. The right panel shows the results for the models with
m0 = 2.75M→ with di!erent values of q. The dotted line indicates the rest-mass density at the center of a maximum-mass
spherical neutron star, → 1.5↑ 1015 g cm↑3.

FIG. 10. Lifetime of the remnant, tlife, as a function of the total mass of the system, m0, for equal-mass (q = 1) models
(left) and tlife as a function of the mass ratio, q, for m0 = 2.75M→ models (right). The large-purple and small-green symbols
represent the results for the CO and PT scenarios, respectively. Results for high (→ 190m) and low (→ 280m) resolutions are
shown by circles and squares, respectively, to check numerical uncertainties.

part of the remnant increases as tlife increases, result-
ing in a massive disk after the black-hole formation. In-
deed, a comparison with Fig. 10 reveals that the e!ect
of the grid resolution on Mdisk largely follows the varia-
tion of tlife in accordance with the consideration above.
If the black hole is formed promptly as in the cases of
m0 > 3.0M→ for both scenarios, essentially no material is
left outside, rendering electromagnetic emission unlikely.

The right panel of Fig. 11 shows that, di!erently from
the case of tlife in Fig. 10, Mdisk increases significantly
with the decrease of q [87, 88]. Here, the large amount
of Mdisk in asymmetric systems with small values of q is
attributed to the high degree of tidal deformation of the
secondary prior to merger. The tidal torque exerted on
the deformed structure enhances the angular momentum

transport and thus the disk formation. Remarkably, even
mild mass asymmetry, say q = 0.964, more than doubles
the value of Mdisk compared to the equal-mass case. For
a given value of q, the e!ect of the grid resolution is
again reasonably understood in view of the variation of
tlife. Quantitatively, the grid resolution a!ects the value
of Mdisk by a factor of order unity for only mildly asym-
metric systems with 0.9 ↭ q < 1. This indicates that the
precise evaluation for such systems requires high compu-
tational costs.

For completeness, we present in Fig. 12 the mass of
dynamical ejecta, Mej, as a function of the total mass,
m0, and the mass ratio, q, although Mej does not reach
0.05M→ by itself only. We also include the results for
the cases that a long-lived remnant is formed. Similarly

Fujimoto-Fukushima-Hotokezaka-Kyutoku (2024)
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Gravitational force is supported 
by the pressure from inside.

Force Balance

Hydrostatic condition for r ~ r + dr

M(r) represents the integrated mass in r-sphere.

(In Newtonian gravity)

dp(r)
dr

= − G
M(r)

r2
ε(r)

dM(r)
dr

= 4πr2ε(r)



November 21, 2024 @ online seminar

Neutron Star

7

One condition still missing…

General 
 Relativistic 
  extension

Tolman-Oppenheimer-Volkoff Eq.

A relation between  and p ε Equation of State (EOS)

free parameter

Initial Final

dp(r)
dr

= − G
M(r) ε(r)

r2

dp(r)
dr

= − G
Mε
r2 (1 +

p
ε )(1 +

4πr3p
M )(1 −

2GM
r )−1

r = 0
ε(r = 0) = εc

p(r = 0) = pc = p(εc)

r = R
p(r = R) = 0

M = ∫ dr4πr2ε(r)
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Compilation of the observed data (68% Credible)
Fujimoto-Fukushima-Kamata-Murase (2024)
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EOS must be 
“stiff” enough 
to reach the 
Shapiro delay 
observation.

Lensing and 
timing (NICER) 
constraining the 
gravity strength 
and the radius!
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Neutron Star Mass M

Neutron Star Radius R

Larger  εc

Smaller  εc

Inferred from 
X-ray spectra / NICER

Inferred from 
Shapiro time delay

TOV limit
Stiff
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Mathematically proven:

p = p(ε) M = M(R)
One-to-one Correspondence through TOV eq.

Lindblom (1992)

This is the case even with 
the 1st-order phase transition.

ε

p
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Pressure p(ε)

Mass-density   or  Energy-density ρ ε

Stiff — large cs

Soft 
— small cs

c2
s =

dp
dε
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M

R

M

R

MC
Sampling

ML inference
MC Integration

Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Proof of principle
Corresponding 
M-R relation

Mimic the 
astro data

Validity check
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Critical energy density 
for a quark-gluon plasma

Not minimum, 
but maximum!?
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Interpolation between Low and High Density Regions

Nuclear Matter (ÂEFT)

Quark Matter

Pr
es

su
re

[G
eV

/fm
3
]

10-1 100

Energy Density [GeV/fm3]

10-3

10-2

10-1

100

(pQCD)Drischler et al. (2020)

Kurkela et al. (2010)

<latexit sha1_base64="k5TLXVB7YIKQNZ0HmvFtkFeTrmA="></latexit>

⇤̄/µq = 2 ⇠ 4

Interpolated EOS 
must be stiff enough 
to support massive 
NS… so, a peak in 
the sound velocity is 
unavoidable!

Very Soft!

Very Soft!

Masuda-Hatsuda-Takatsuka (2012)

Fujimoto-Fukushima-Hotokezaka-Kyutoku (2022)
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[1st-order-like EoS]

ε

p

ε

c2
s

Phase transition is manifested by a minimum 
in the speed of sound.
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[High-Temperature QCD — QGP Crossover]
18
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have

✓
@f

@T

◆

(x,y,z)

=

✓
@f

@T

◆

(µB ,µQ,µS)

(A1)

+

✓
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◆

(T,µQ,µS)

✓
@µB

@T

◆
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+
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✓
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(x,y,z)

+

✓
@f

@µS

◆

(T,µB ,µQ)

✓
@µS

@T

◆

(x,y,z)

.

Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation

✓
@f

@g

◆

(x,y,z)

=
(@f/@T )

(x,y,z)

(@g/@T )
(x,y,z)

(A2)

In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,

@f

@µB

����
T

= Tn�1
@f̂

@µ̂B

�����
T

. (A3)

Rewriting the temperature derivatives one has to be a

HotQCD Collab. 
  (2212.09043)

Minimum around 
phase transition
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Fujimoto-Fukushima-McLerran-Praszalowicz (2022)

Measure of conformality:

Non-DerivativeDerivative

Δ =
1
3

−
p
ε

c2
s =

dp
dε

= c2
s, deriv + c2

s, non−deriv

c2
s, deriv = − ε

dΔ
dε

c2
s, non−deriv =

1
3

− Δ

Dominant at high density making a peak!

Gavai-Gupta-Mukherjee (2004)
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Brandes-Fukushima-Iida-Yu (2024)

Newer analysis suggests that 
the trace anomaly goes negative!

22

FIG. 15: Normalized trace anomaly as a function of the energy density. The blue and the red lines represent the
results from the previous (i.e., nNS = 14) and the present (i.e., nNS = 20) works, respectively. The red lines and
bands are the median values and the percentiles, respectively, and the blue ones are the mean values and the

standard deviations.

In reality, the above formula should be generalized to take account of randomness in the observation uncertainty:

PEoS(Y )dY →

∫
dP(ω)Pobs(!TOV(Y ,ω))

∣∣∣∣
d!TOV(Y ,ω)

dY

∣∣∣∣dY , (21)

where ω symbolically denotes the random variables involved in sampling M with observational errors. In this frame-
work, the inversion is incorporated in the pullback, so an explicit construction of the inverse mapping is unnecessary.
Historically speaking, this pullback method, in which one must explicitly compute the Jacobian, was the first approach
taken in the realm of Bayesian inference [52, 53].

Indeed, if the inversion were exact (i.e., !inv ↑ !TOV = idEoS and !TOV ↑ !inv = idMR), the above definition by
the pullback exactly reproduces eq. (4). In practice, however, the evaluation of the Jacobian is a nontrivial numerical
task, and our method presented in this work is computationally more straightforward.

G. Implication to the trace anomaly

Finally, we shall discuss a physics implication of our new analyses upgraded from nNS = 14 to nNS = 20. We
already showed the EoS comparison in figure 8. One interesting combination constructed with the energy density ε
and the pressure p is the trace anomaly, ε↓ 3p, or the dimensionless normalized trace anomaly defined by

” =
1

3
↓

p

ε
. (22)

This quantity measures how close to conformality the system is; ε = 3p and thus ” = 0 is realized in the conformal
limit [110]. In figure 15, we display the behavior of the normalized trace anomaly ” as a function of ε in the logarithmic
scale.
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Derivative contribution makes a peak structure!

2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.

−
Δ

η = ln(ε/ε0)

Si
gn

 F
lip

pe
d

Speed of Sound

2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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Interesting question…   ???Δ < 0

Δ ∝ ε − 3p

∝
d

dμ ( p
μ4 )

Thermodynamic 
degrees of freedomNegative trace anomaly implies 

the presence of “condensates”!?
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Lesson from high-isospin matter

12

FIG. 13. The polytropic index, �, as a function of the isospin
chemical potential on the A(B) ensemble is shown as the
blue(red) region. The expectations in perturbative QCD (or-
ange hatched region), chiral perturbation theory (blue dashed
curve) and the Stefan-Boltzmann limit (orange dotted line)
are shown for comparison. In addition, the bound at � = 1.75
below which the medium is expected to correspond to quark
degrees of freedom [54] is indicated as the green horizontal
line.
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FIG. 14. The normalized trace anomaly, �, as a function
of the isospin chemical potential on the A(B) ensemble is
shown as the blue(red) region. This quantity is bounded as
�2/3 < � < 1/3 by causality. The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

ously achieved. Exploring such high-density and high-
energy correlation functions presents its own suite of chal-
lenges owing to the range of numerical scales spanned
by the correlation functions. Even on the same times-
lice, correlation functions can vary by many orders of
magnitude across configurations, leading to an e↵ective
breakdown of the applicability of the Central Limit The-
orem. The analysis presented here overcomes this by
making the empirically-driven assumption that the dis-

tributions of correlation functions across gauge configu-
rations are log-normal, which allows the incorporation of
more information about the LQCD data than just the
sample mean and variance of the correlation functions.
With this assumption, it becomes possible to extract en-
ergies and chemical potentials from the LQCD correla-
tion functions, which smoothly interpolate between the-
oretical predictions from chiral perturbation theory and
perturbative QCD for low- and high-isospin density sys-
tems, respectively. The speed of sound computed in this
medium exceeds the ideal gas limit over a large range
of µI , reaching a maximum of c2s ⇠ 0.6 at µI/m⇡ ⇠ 2.
This result is in agreement with the results of Ref. [10]
but extends over a larger range of chemical potential,
lower temperatures, and to a finer discretization scale.
The isospin chemical potential is implemented through
the grand canonical partition function in Ref. [10] and
therefore the systematic uncertainties in that calculation
are very di↵erent from those in this work, making the
broad agreement seen more significant. The speed of
sound and other properties of the medium indicate that
the asymptotic agreement with perturbative QCD ex-
pectations requires large values of the isospin chemical
potential, µI & 2 GeV.
In this exploratory study, calculations have been per-

formed at only a single set of quark masses and lattice
spacing. The results show qualitative agreement with
expectations, but understanding this system at a more
precise level will require the use of additional ensembles
with multiple lattice spacings, quark masses, and with
other spatial and temporal extents in order to properly
quantify the e↵ects of these parameters on the calcula-
tion. Lattice cuto↵ e↵ects are of particular concern since
the maximum chemical potential reached in the calcula-
tions presented here comes close to the lattice cuto↵ scale
used in this work.
Beyond systems of many pions, the methods devel-

oped here could also be used in applications to other
systems of mesons, including systems of kaons and/or
pions, and systems with non-zero momentum. The con-
cepts of symmetry and representation theory explored
here to construct the algorithm for many-pion contrac-
tions can potentially be applied more broadly to bary-
onic systems. In addition, the success of log-normality
in enabling analysis of many-pion systems points to the
general observation that there is more information in the
distributions of correlation functions than just their cen-
tral values [21–31, 56, 57], and using this information can
allow the extraction of physical results even when the dis-
tributions of correlation functions are far from the regime
of applicability of the Central Limit Theorem.

AUTHOR CONTRIBUTION STATEMENT

RA, WD, and FRL developed the algorithms and soft-
ware for correlation function calculations, performed the
numerical analysis, and prepared the manuscript; ZD,

Abbott+ (2023)
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FIG. 11. The ratio of the energy density of the many-pion
systems to the Stefan-Boltzmann prediction, Eq. (31), for the
A and B lattice ensembles. The blue (A) and red (B) shaded
regions represent interpolations of the LQCD results and their
uncertainties as discussed in Appendix C. Also shown are ex-
pectations from chiral perturbation theory (blue dashed line)
and perturbative QCD at next-to-leading order (NLO) [43]
(orange hatched region). The uncertainties on the perturba-
tive QCD result are obtained by varying the renormalization
scale ⇤ between µI/4 and µI .

The speed of sound is shown as a function of the isospin
chemical potential in units of the pion mass in Fig. 12
where it is seen to exceed the ideal gas limit. As for
the energy density, close agreement is seen between the
results from the two lattice ensembles. A similar result
has been found in Ref. [10]; however a larger range of
µI/m⇡ is accessible in the current work. In particular,
c
2
s exceeds 1/3 for 1.5 . µI/m⇡ . 14, rising to a maxi-
mum of c2s,max ⇠ 0.6 at µI ⇠ 2m⇡ before decreasing back
to the ideal-gas limit for large µI . A maximum speed
of sound above the ideal-gas limit at intermediate values
of chemical potential is also seen in two-color QCD [50]
and quarkyonic models [51], but is in contradiction to
the predictions of leading-order chiral perturbation the-
ory in which cs rises monotonically to 1. This behavior
is indicative of additional degrees of freedom other than
in-vacuum pions becoming excited in the medium. From
the numerical results herein, it remains an open ques-
tion as to whether the speed of sound approaches the
free gas limit from below (as expected from perturbation
theory [43]) or from above (as expected from resummed
perturbation theory [52] or from the inclusion of power
corrections [53]).

Two additional quantities that provide information
about the nature of high-isospin-density matter are the
polytropic index [54] and the trace anomaly [55] defined
by

� =
✏

p
c
2
s, (33)

� =
1

3
�

p

✏
, (34)
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FIG. 12. The squared speed of sound computed as in Eq. (32)
as a function of the isospin chemical potential on ensemble A
(blue) and ensemble B (red). The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

respectively. The behavior of these two quantities is
shown in Figs. 13 and 14 and compared to the expec-
tations of a free gas, �PT and pQCD in each case. As
for cs, the behaviour of � and � is similar to that seen in
Ref. [10], but the current work extends the range of chem-
ical potential significantly which reveals additional inter-
esting features. In Ref. [54], it is suggested that the point
at which the polytropic index decreases below 1.75 is a
sign of quark degrees of freedom at large baryon chemical
potential, i.e., the BCS state. In the case of isospin chem-
ical potential, � decreases to this value at µI ⇠ 1.5m⇡,
corresponding approximately to the position of the peak
seen in the normalized energy density (Fig. 11). The
trace anomaly is clearly seen to be negative at interme-
diate µI in Fig. 14, as is suggested to be consistent with
neutron star observations in Ref. [55]. As for the quanti-
ties above, the results from the two lattice ensembles are
in agreement for both the trace anomaly and the poly-
tropic index. A robust conclusion from the study of these
transport quantities is that large isospin chemical poten-
tial is needed before the expected asymptotic behavior
sets in. At least for the case of isospin chemical poten-
tial, the use of pQCD to describe the behavior seen in
the LQCD calculations requires µI & 10m⇡ ⇠ 2 GeV at
a minimum.

VI. SUMMARY AND OUTLOOK

In this work, a new, more e�cient method of com-
puting maximal-isospin, multi-pion correlation functions
is presented. Using this method, we have calculated
all n-⇡+ correlation functions for n  6144, extending
such calculations of many-pion systems into regions of
larger isospin chemical potential than have been previ-

[Speed of sound peak] [Negative trace anomaly]

pχPT =
f 2
π μ2

I

2 (1 −
m2

π

μ2
I

)
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Pressure from the condensates
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Quick derivation
Son-Stephanov (2001)

this sign change (the u and d quarks play the role of
mutually conjugate quarks [2]), i.e,

τ1γ5Dγ5τ1 = D†. (3)

Instead of isospin τ1 in (3) one can also use τ2 (but not
τ3). Equation (3), in place of the now invalid Eq. (1),
ensures that detD ≥ 0. Repeating the derivation of the
QCD inequalities, by using (3) we find that the lightest
meson, or the condensate, must be in channels ψ̄iγ5τ1,2ψ,
i.e., a linear combination of π− ∼ ūγ5d and π+ ∼ d̄γ5u
states. Indeed, as shown below, in the two analytically
tractable regimes of small and large µI the lightest mode
is a massless Goldstone which is a linear combination of
ūγ5d and d̄γ5u.
Small isospin densities.—When µI is small compared

to the chiral scale (taken here to be mρ), we can use
chiral perturbation theory. For zero quark mass and
zero µI the pions are massless Goldstones of the spon-
taneously broken SU(2)L×SU(2)R chiral symmetry. If
the quarks have small equal masses, the symmetry is
only SU(2)L+R. The low-energy dynamics is governed
by the familiar chiral Lagrangian for the pion field Σ ∈
SU(2): L = 1

4
f2
πTr[∂µΣ∂µΣ

† − 2m2
πReΣ], which contains

the pion decay constant fπ and vacuum pion mass mπ as
phenomenological parameters. The isospin chemical po-
tential further breaks SU(2)L+R down to U(1)L+R. Its
effect can be included to leading order in µI without
additional phenomenological parameters by promoting
SU(2)L×SU(2)R to a local gauge symmetry and view-
ing µI as the zeroth component of a gauge potential [6].
Gauge invariance thus fixes the way µI enters the chiral
Lagrangian:

Leff =
f2
π

4
Tr∇νΣ∇νΣ

† −
m2
πf

2
π

2
ReTrΣ, (4)

where the covariant derivative is defined as

∇0Σ = ∂0Σ−
µI

2
(τ3Σ− Στ3). (5)

By using (4), it is straightforward to determine vacuum
alignment of Σ as a function of µI and the spectrum
of excitations around the vacuum. We are interested in
negative µI , which favors neutrons over protons, as in
neutron stars. The results are very similar to two-color
QCD at finite baryon density [6]:
(i) For |µI | < mπ, the system is in the same ground

state as at µI = 0: Σ = 1. This is because the lowest
lying pion state costs a positive energymπ−|µI | to excite,
which is impossible at zero temperature.
(ii) When |µI | exceeds mπ it is favorable to excite π−

quanta, which form a Bose condensate. In the language of
the effective theory, such a pion condensate is described
by a tilt of the chiral condensate Σ,

Σ = cosα+ i(τ1 cosφ+ τ2 sinφ) sinα ,

cosα = m2
π/µ

2
I . (6)

The tilt angle α is determined by minimizing the vac-
uum energy. The energy is degenerate with respect to
the angle φ, corresponding to the spontaneous breaking
of the U(1)L+R symmetry generated by I3 in the La-
grangian (4). The ground state is a pion superfluid, with
one massless Goldstone mode. Since we start from a the-
ory with three pions, there are two massive modes which
can be identified with π0 and a linear combination of π+

and π−. At the condensation threshold, mπ0
= mπ and

the mass of the other mode is 2mπ, while for |µI | ' mπ

both masses approach |µI |.
The isospin density is found by differentiating the

ground state energy with respect to µI and is equal to:

nI = f2
πµI sin

2 α = f2
πµI

(

1−
m4
π

µ4
I

)

, |µI | > mπ . (7)

For |µI | just above the condensation threshold, |µI | −
mπ ( mπ, Eq. (7) reproduces the equation of state of
the dilute nonrelativistic pion gas [6].
It is also possible to find baryon masses, i.e., the en-

ergy cost of introducing a single baryon into the system.
The most interesting baryons are those with lowest en-
ergy and highest isospin, i.e. neutron n and ∆− isobar.
There are two effects of µI on the baryon masses. The
first comes from the isospin of the baryons, which effec-
tively reduces the neutron mass by 1

2
|µI | and the ∆−

mass by 3
2
|µI |. Alone, this effect would lead to the for-

mation of baryon/antibaryon Fermi surfaces, manifested
in nonvanishing zero-temperature baryon susceptibility
χB ≡ ∂nB/∂µB when µI > 2

3
m∆. However, long before

that, another effect turns on: the π−’s in the condensate
tend to repel the baryons, lifting up their masses. These
effects can be treated in the framework of the baryon
chiral perturbation theory [9], giving

mn = mN −
|µI |
2

cosα, m∆− = m∆ −
3|µI |
2

cosα (8)

in the approximation of nonrelativistic baryons. Equa-
tion (8) can be interpreted as follows: as a result of the
rotation (6) of the chiral condensate, the nucleon mass
eigenstate becomes a superposition of vacuum n and p
states. The expectation value of the isospin in this state
is proportional to cosα appearing in (8). With cosα
given in Eq.(6), we see that the two mentioned effects
cancel each other when mπ ( |µI | ( mρ. Thus the
baryon mass never drops to zero, and χB = 0 at zero
temperature in the region of applicability of the chiral
Lagrangian.
As one forces more pions into the condensate, the pions

are packed closer and their interaction becomes stronger.
When µI ∼ mρ, the chiral perturbation theory breaks
down. To find the equation of state in this regime, full
QCD has to be employed. As we have seen, this can be
done using present lattice techniques since the fermion
sign problem is not present at finite µI , similar to the
two-color QCD [5].
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τ3). Equation (3), in place of the now invalid Eq. (1),
ensures that detD ≥ 0. Repeating the derivation of the
QCD inequalities, by using (3) we find that the lightest
meson, or the condensate, must be in channels ψ̄iγ5τ1,2ψ,
i.e., a linear combination of π− ∼ ūγ5d and π+ ∼ d̄γ5u
states. Indeed, as shown below, in the two analytically
tractable regimes of small and large µI the lightest mode
is a massless Goldstone which is a linear combination of
ūγ5d and d̄γ5u.
Small isospin densities.—When µI is small compared

to the chiral scale (taken here to be mρ), we can use
chiral perturbation theory. For zero quark mass and
zero µI the pions are massless Goldstones of the spon-
taneously broken SU(2)L×SU(2)R chiral symmetry. If
the quarks have small equal masses, the symmetry is
only SU(2)L+R. The low-energy dynamics is governed
by the familiar chiral Lagrangian for the pion field Σ ∈
SU(2): L = 1

4
f2
πTr[∂µΣ∂µΣ

† − 2m2
πReΣ], which contains

the pion decay constant fπ and vacuum pion mass mπ as
phenomenological parameters. The isospin chemical po-
tential further breaks SU(2)L+R down to U(1)L+R. Its
effect can be included to leading order in µI without
additional phenomenological parameters by promoting
SU(2)L×SU(2)R to a local gauge symmetry and view-
ing µI as the zeroth component of a gauge potential [6].
Gauge invariance thus fixes the way µI enters the chiral
Lagrangian:

Leff =
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π
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† −
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πf
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π
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ReTrΣ, (4)

where the covariant derivative is defined as

∇0Σ = ∂0Σ−
µI

2
(τ3Σ− Στ3). (5)

By using (4), it is straightforward to determine vacuum
alignment of Σ as a function of µI and the spectrum
of excitations around the vacuum. We are interested in
negative µI , which favors neutrons over protons, as in
neutron stars. The results are very similar to two-color
QCD at finite baryon density [6]:
(i) For |µI | < mπ, the system is in the same ground

state as at µI = 0: Σ = 1. This is because the lowest
lying pion state costs a positive energymπ−|µI | to excite,
which is impossible at zero temperature.
(ii) When |µI | exceeds mπ it is favorable to excite π−

quanta, which form a Bose condensate. In the language of
the effective theory, such a pion condensate is described
by a tilt of the chiral condensate Σ,

Σ = cosα+ i(τ1 cosφ+ τ2 sinφ) sinα ,

cosα = m2
π/µ

2
I . (6)

The tilt angle α is determined by minimizing the vac-
uum energy. The energy is degenerate with respect to
the angle φ, corresponding to the spontaneous breaking
of the U(1)L+R symmetry generated by I3 in the La-
grangian (4). The ground state is a pion superfluid, with
one massless Goldstone mode. Since we start from a the-
ory with three pions, there are two massive modes which
can be identified with π0 and a linear combination of π+

and π−. At the condensation threshold, mπ0
= mπ and

the mass of the other mode is 2mπ, while for |µI | ' mπ

both masses approach |µI |.
The isospin density is found by differentiating the

ground state energy with respect to µI and is equal to:

nI = f2
πµI sin

2 α = f2
πµI

(
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m4
π

µ4
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)

, |µI | > mπ . (7)

For |µI | just above the condensation threshold, |µI | −
mπ ( mπ, Eq. (7) reproduces the equation of state of
the dilute nonrelativistic pion gas [6].
It is also possible to find baryon masses, i.e., the en-

ergy cost of introducing a single baryon into the system.
The most interesting baryons are those with lowest en-
ergy and highest isospin, i.e. neutron n and ∆− isobar.
There are two effects of µI on the baryon masses. The
first comes from the isospin of the baryons, which effec-
tively reduces the neutron mass by 1

2
|µI | and the ∆−

mass by 3
2
|µI |. Alone, this effect would lead to the for-

mation of baryon/antibaryon Fermi surfaces, manifested
in nonvanishing zero-temperature baryon susceptibility
χB ≡ ∂nB/∂µB when µI > 2

3
m∆. However, long before

that, another effect turns on: the π−’s in the condensate
tend to repel the baryons, lifting up their masses. These
effects can be treated in the framework of the baryon
chiral perturbation theory [9], giving

mn = mN −
|µI |
2

cosα, m∆− = m∆ −
3|µI |
2

cosα (8)

in the approximation of nonrelativistic baryons. Equa-
tion (8) can be interpreted as follows: as a result of the
rotation (6) of the chiral condensate, the nucleon mass
eigenstate becomes a superposition of vacuum n and p
states. The expectation value of the isospin in this state
is proportional to cosα appearing in (8). With cosα
given in Eq.(6), we see that the two mentioned effects
cancel each other when mπ ( |µI | ( mρ. Thus the
baryon mass never drops to zero, and χB = 0 at zero
temperature in the region of applicability of the chiral
Lagrangian.
As one forces more pions into the condensate, the pions

are packed closer and their interaction becomes stronger.
When µI ∼ mρ, the chiral perturbation theory breaks
down. To find the equation of state in this regime, full
QCD has to be employed. As we have seen, this can be
done using present lattice techniques since the fermion
sign problem is not present at finite µI , similar to the
two-color QCD [5].
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this sign change (the u and d quarks play the role of
mutually conjugate quarks [2]), i.e,

τ1γ5Dγ5τ1 = D†. (3)

Instead of isospin τ1 in (3) one can also use τ2 (but not
τ3). Equation (3), in place of the now invalid Eq. (1),
ensures that detD ≥ 0. Repeating the derivation of the
QCD inequalities, by using (3) we find that the lightest
meson, or the condensate, must be in channels ψ̄iγ5τ1,2ψ,
i.e., a linear combination of π− ∼ ūγ5d and π+ ∼ d̄γ5u
states. Indeed, as shown below, in the two analytically
tractable regimes of small and large µI the lightest mode
is a massless Goldstone which is a linear combination of
ūγ5d and d̄γ5u.
Small isospin densities.—When µI is small compared

to the chiral scale (taken here to be mρ), we can use
chiral perturbation theory. For zero quark mass and
zero µI the pions are massless Goldstones of the spon-
taneously broken SU(2)L×SU(2)R chiral symmetry. If
the quarks have small equal masses, the symmetry is
only SU(2)L+R. The low-energy dynamics is governed
by the familiar chiral Lagrangian for the pion field Σ ∈
SU(2): L = 1

4
f2
πTr[∂µΣ∂µΣ

† − 2m2
πReΣ], which contains

the pion decay constant fπ and vacuum pion mass mπ as
phenomenological parameters. The isospin chemical po-
tential further breaks SU(2)L+R down to U(1)L+R. Its
effect can be included to leading order in µI without
additional phenomenological parameters by promoting
SU(2)L×SU(2)R to a local gauge symmetry and view-
ing µI as the zeroth component of a gauge potential [6].
Gauge invariance thus fixes the way µI enters the chiral
Lagrangian:

Leff =
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π
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Tr∇νΣ∇νΣ

† −
m2
πf

2
π

2
ReTrΣ, (4)

where the covariant derivative is defined as

∇0Σ = ∂0Σ−
µI

2
(τ3Σ− Στ3). (5)

By using (4), it is straightforward to determine vacuum
alignment of Σ as a function of µI and the spectrum
of excitations around the vacuum. We are interested in
negative µI , which favors neutrons over protons, as in
neutron stars. The results are very similar to two-color
QCD at finite baryon density [6]:
(i) For |µI | < mπ, the system is in the same ground

state as at µI = 0: Σ = 1. This is because the lowest
lying pion state costs a positive energymπ−|µI | to excite,
which is impossible at zero temperature.
(ii) When |µI | exceeds mπ it is favorable to excite π−

quanta, which form a Bose condensate. In the language of
the effective theory, such a pion condensate is described
by a tilt of the chiral condensate Σ,

Σ = cosα+ i(τ1 cosφ+ τ2 sinφ) sinα ,

cosα = m2
π/µ

2
I . (6)

The tilt angle α is determined by minimizing the vac-
uum energy. The energy is degenerate with respect to
the angle φ, corresponding to the spontaneous breaking
of the U(1)L+R symmetry generated by I3 in the La-
grangian (4). The ground state is a pion superfluid, with
one massless Goldstone mode. Since we start from a the-
ory with three pions, there are two massive modes which
can be identified with π0 and a linear combination of π+

and π−. At the condensation threshold, mπ0
= mπ and

the mass of the other mode is 2mπ, while for |µI | ' mπ

both masses approach |µI |.
The isospin density is found by differentiating the

ground state energy with respect to µI and is equal to:

nI = f2
πµI sin

2 α = f2
πµI

(

1−
m4
π

µ4
I

)

, |µI | > mπ . (7)

For |µI | just above the condensation threshold, |µI | −
mπ ( mπ, Eq. (7) reproduces the equation of state of
the dilute nonrelativistic pion gas [6].
It is also possible to find baryon masses, i.e., the en-

ergy cost of introducing a single baryon into the system.
The most interesting baryons are those with lowest en-
ergy and highest isospin, i.e. neutron n and ∆− isobar.
There are two effects of µI on the baryon masses. The
first comes from the isospin of the baryons, which effec-
tively reduces the neutron mass by 1

2
|µI | and the ∆−

mass by 3
2
|µI |. Alone, this effect would lead to the for-

mation of baryon/antibaryon Fermi surfaces, manifested
in nonvanishing zero-temperature baryon susceptibility
χB ≡ ∂nB/∂µB when µI > 2

3
m∆. However, long before

that, another effect turns on: the π−’s in the condensate
tend to repel the baryons, lifting up their masses. These
effects can be treated in the framework of the baryon
chiral perturbation theory [9], giving

mn = mN −
|µI |
2

cosα, m∆− = m∆ −
3|µI |
2

cosα (8)

in the approximation of nonrelativistic baryons. Equa-
tion (8) can be interpreted as follows: as a result of the
rotation (6) of the chiral condensate, the nucleon mass
eigenstate becomes a superposition of vacuum n and p
states. The expectation value of the isospin in this state
is proportional to cosα appearing in (8). With cosα
given in Eq.(6), we see that the two mentioned effects
cancel each other when mπ ( |µI | ( mρ. Thus the
baryon mass never drops to zero, and χB = 0 at zero
temperature in the region of applicability of the chiral
Lagrangian.
As one forces more pions into the condensate, the pions

are packed closer and their interaction becomes stronger.
When µI ∼ mρ, the chiral perturbation theory breaks
down. To find the equation of state in this regime, full
QCD has to be employed. As we have seen, this can be
done using present lattice techniques since the fermion
sign problem is not present at finite µI , similar to the
two-color QCD [5].
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this sign change (the u and d quarks play the role of
mutually conjugate quarks [2]), i.e,
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Instead of isospin τ1 in (3) one can also use τ2 (but not
τ3). Equation (3), in place of the now invalid Eq. (1),
ensures that detD ≥ 0. Repeating the derivation of the
QCD inequalities, by using (3) we find that the lightest
meson, or the condensate, must be in channels ψ̄iγ5τ1,2ψ,
i.e., a linear combination of π− ∼ ūγ5d and π+ ∼ d̄γ5u
states. Indeed, as shown below, in the two analytically
tractable regimes of small and large µI the lightest mode
is a massless Goldstone which is a linear combination of
ūγ5d and d̄γ5u.
Small isospin densities.—When µI is small compared

to the chiral scale (taken here to be mρ), we can use
chiral perturbation theory. For zero quark mass and
zero µI the pions are massless Goldstones of the spon-
taneously broken SU(2)L×SU(2)R chiral symmetry. If
the quarks have small equal masses, the symmetry is
only SU(2)L+R. The low-energy dynamics is governed
by the familiar chiral Lagrangian for the pion field Σ ∈
SU(2): L = 1

4
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πTr[∂µΣ∂µΣ

† − 2m2
πReΣ], which contains

the pion decay constant fπ and vacuum pion mass mπ as
phenomenological parameters. The isospin chemical po-
tential further breaks SU(2)L+R down to U(1)L+R. Its
effect can be included to leading order in µI without
additional phenomenological parameters by promoting
SU(2)L×SU(2)R to a local gauge symmetry and view-
ing µI as the zeroth component of a gauge potential [6].
Gauge invariance thus fixes the way µI enters the chiral
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where the covariant derivative is defined as

∇0Σ = ∂0Σ−
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2
(τ3Σ− Στ3). (5)

By using (4), it is straightforward to determine vacuum
alignment of Σ as a function of µI and the spectrum
of excitations around the vacuum. We are interested in
negative µI , which favors neutrons over protons, as in
neutron stars. The results are very similar to two-color
QCD at finite baryon density [6]:
(i) For |µI | < mπ, the system is in the same ground

state as at µI = 0: Σ = 1. This is because the lowest
lying pion state costs a positive energymπ−|µI | to excite,
which is impossible at zero temperature.
(ii) When |µI | exceeds mπ it is favorable to excite π−

quanta, which form a Bose condensate. In the language of
the effective theory, such a pion condensate is described
by a tilt of the chiral condensate Σ,

Σ = cosα+ i(τ1 cosφ+ τ2 sinφ) sinα ,

cosα = m2
π/µ

2
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The tilt angle α is determined by minimizing the vac-
uum energy. The energy is degenerate with respect to
the angle φ, corresponding to the spontaneous breaking
of the U(1)L+R symmetry generated by I3 in the La-
grangian (4). The ground state is a pion superfluid, with
one massless Goldstone mode. Since we start from a the-
ory with three pions, there are two massive modes which
can be identified with π0 and a linear combination of π+

and π−. At the condensation threshold, mπ0
= mπ and

the mass of the other mode is 2mπ, while for |µI | ' mπ

both masses approach |µI |.
The isospin density is found by differentiating the

ground state energy with respect to µI and is equal to:

nI = f2
πµI sin

2 α = f2
πµI

(

1−
m4
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)

, |µI | > mπ . (7)

For |µI | just above the condensation threshold, |µI | −
mπ ( mπ, Eq. (7) reproduces the equation of state of
the dilute nonrelativistic pion gas [6].
It is also possible to find baryon masses, i.e., the en-

ergy cost of introducing a single baryon into the system.
The most interesting baryons are those with lowest en-
ergy and highest isospin, i.e. neutron n and ∆− isobar.
There are two effects of µI on the baryon masses. The
first comes from the isospin of the baryons, which effec-
tively reduces the neutron mass by 1

2
|µI | and the ∆−

mass by 3
2
|µI |. Alone, this effect would lead to the for-

mation of baryon/antibaryon Fermi surfaces, manifested
in nonvanishing zero-temperature baryon susceptibility
χB ≡ ∂nB/∂µB when µI > 2

3
m∆. However, long before

that, another effect turns on: the π−’s in the condensate
tend to repel the baryons, lifting up their masses. These
effects can be treated in the framework of the baryon
chiral perturbation theory [9], giving

mn = mN −
|µI |
2

cosα, m∆− = m∆ −
3|µI |
2

cosα (8)

in the approximation of nonrelativistic baryons. Equa-
tion (8) can be interpreted as follows: as a result of the
rotation (6) of the chiral condensate, the nucleon mass
eigenstate becomes a superposition of vacuum n and p
states. The expectation value of the isospin in this state
is proportional to cosα appearing in (8). With cosα
given in Eq.(6), we see that the two mentioned effects
cancel each other when mπ ( |µI | ( mρ. Thus the
baryon mass never drops to zero, and χB = 0 at zero
temperature in the region of applicability of the chiral
Lagrangian.
As one forces more pions into the condensate, the pions

are packed closer and their interaction becomes stronger.
When µI ∼ mρ, the chiral perturbation theory breaks
down. To find the equation of state in this regime, full
QCD has to be employed. As we have seen, this can be
done using present lattice techniques since the fermion
sign problem is not present at finite µI , similar to the
two-color QCD [5].
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We should conduct extensive studies of the condensation 
effects on the speed of sound perturbatively for…

* Diquark superfluid in QC2D 
To be compared with 
Lattice: Itou+ (2023-2024)

* Pion-condensed high-isospin matter 
To be compared with 
Lattice: Abbott+ (2023)

* Two-flavor color-superconducting (2SC) matter
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Figure 11. The squared sound velocity at T = 40 MeV and T = 80 MeV. The cyan curve is the
prediction of ChPT given by Eq. (4.11). The horizontal line (orange) depicts the conformal bound,
c2s/c

2 = 1/3.

which has no free parameter once we fix the value of µc/mPS as 0.47. The ChPT analysis

is valid around the phase transition point, and indeed we can see that our lattice data are

consistent with the prediction as expected. In the high-density regime, on the other hand,

the curve given by the ChPT goes to unity, that is, the sound velocity approaches the

speed of light. Therefore, it is widely believed that the ChPT would fail at some point in

the high-density regime. Furthermore, in the high-density limit, it is believed that the EoS

matches with the relativistic free theory, so that c2s/c
2 should go to 1/3, corresponding to

e = 3p, as shown as an orange horizontal line. This line is called the conformal bound (or

holography bound) [74].

Our numerical results are consistent with the ChPT prediction until the sound velocity

exceeds the conformal bound. Such an excess over the conformal bound is a salient feature

unknown in any lattice calculations for QCD-like theories before our previous result at

T = 80 MeV [2] 5. Our new results at T = 40 MeV obtained in this work confirm the excess

over the conformal bound with a smaller statistical error. Now, the excess shows a more

than 7-ω deviation from the conformal bound. Furthermore, we found that the thermal

e!ects are negligibly small, which suggests that the di!erence between the definitions of

εp/εe|s=const. and εp/εe|T=const. as discussed below Eq. (4.9) is also negligibly small. Then,

we can safely conclude that the excess over the conformal bound in dense QC2D occurs at

su”ciently low temperature.

Note that the pressure itself does not exceed the free-theory limit as shown in Figure 9.

On the other hand, the pressure growth against the energy growth, corresponding to the

sound velocity, is higher than the one for the free-theory, which supports a sti! picture for

QCD(-like) matter in the superfluid regime.

5
For example, in finite temperature QCD at µ = 0, the sound velocity squared monotonically increases

and approaches 1/3 as the temperature increases in T > Tc [75, 76].

– 21 –

11

FIG. 11. The ratio of the energy density of the many-pion
systems to the Stefan-Boltzmann prediction, Eq. (31), for the
A and B lattice ensembles. The blue (A) and red (B) shaded
regions represent interpolations of the LQCD results and their
uncertainties as discussed in Appendix C. Also shown are ex-
pectations from chiral perturbation theory (blue dashed line)
and perturbative QCD at next-to-leading order (NLO) [43]
(orange hatched region). The uncertainties on the perturba-
tive QCD result are obtained by varying the renormalization
scale ⇤ between µI/4 and µI .

The speed of sound is shown as a function of the isospin
chemical potential in units of the pion mass in Fig. 12
where it is seen to exceed the ideal gas limit. As for
the energy density, close agreement is seen between the
results from the two lattice ensembles. A similar result
has been found in Ref. [10]; however a larger range of
µI/m⇡ is accessible in the current work. In particular,
c
2
s exceeds 1/3 for 1.5 . µI/m⇡ . 14, rising to a maxi-
mum of c2s,max ⇠ 0.6 at µI ⇠ 2m⇡ before decreasing back
to the ideal-gas limit for large µI . A maximum speed
of sound above the ideal-gas limit at intermediate values
of chemical potential is also seen in two-color QCD [50]
and quarkyonic models [51], but is in contradiction to
the predictions of leading-order chiral perturbation the-
ory in which cs rises monotonically to 1. This behavior
is indicative of additional degrees of freedom other than
in-vacuum pions becoming excited in the medium. From
the numerical results herein, it remains an open ques-
tion as to whether the speed of sound approaches the
free gas limit from below (as expected from perturbation
theory [43]) or from above (as expected from resummed
perturbation theory [52] or from the inclusion of power
corrections [53]).

Two additional quantities that provide information
about the nature of high-isospin-density matter are the
polytropic index [54] and the trace anomaly [55] defined
by

� =
✏

p
c
2
s, (33)

� =
1

3
�

p

✏
, (34)

100 101

µI/m�

0.0

0.2

0.4

0.6

0.8

1.0

c2 s

LQCD A

LQCD B

pQCD

�PT

SB

FIG. 12. The squared speed of sound computed as in Eq. (32)
as a function of the isospin chemical potential on ensemble A
(blue) and ensemble B (red). The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

respectively. The behavior of these two quantities is
shown in Figs. 13 and 14 and compared to the expec-
tations of a free gas, �PT and pQCD in each case. As
for cs, the behaviour of � and � is similar to that seen in
Ref. [10], but the current work extends the range of chem-
ical potential significantly which reveals additional inter-
esting features. In Ref. [54], it is suggested that the point
at which the polytropic index decreases below 1.75 is a
sign of quark degrees of freedom at large baryon chemical
potential, i.e., the BCS state. In the case of isospin chem-
ical potential, � decreases to this value at µI ⇠ 1.5m⇡,
corresponding approximately to the position of the peak
seen in the normalized energy density (Fig. 11). The
trace anomaly is clearly seen to be negative at interme-
diate µI in Fig. 14, as is suggested to be consistent with
neutron star observations in Ref. [55]. As for the quanti-
ties above, the results from the two lattice ensembles are
in agreement for both the trace anomaly and the poly-
tropic index. A robust conclusion from the study of these
transport quantities is that large isospin chemical poten-
tial is needed before the expected asymptotic behavior
sets in. At least for the case of isospin chemical poten-
tial, the use of pQCD to describe the behavior seen in
the LQCD calculations requires µI & 10m⇡ ⇠ 2 GeV at
a minimum.

VI. SUMMARY AND OUTLOOK

In this work, a new, more e�cient method of com-
puting maximal-isospin, multi-pion correlation functions
is presented. Using this method, we have calculated
all n-⇡+ correlation functions for n  6144, extending
such calculations of many-pion systems into regions of
larger isospin chemical potential than have been previ-
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Figure 1. Pressure normalized to the pressure of the non-interacting quark gas as a function of the quark chemical potential µ
(left panel) and speed of sound squared as function of the baryon density n in units of the nuclear saturation density n0 (right
panel) as obtained from a computation at di!erent orders, see main text for details. In our calculations of the pressure and the
speed of sound of color-superconducting matter (NLO/LO, NLO/NLO), we have employed the gap found in the weak-coupling
limit, see Eq. (2). The results without gap corrections (NLO, no gap) correspond to the well-known perturbative results at
two-loop order. The shaded regions depict the uncertainty arising from the usual scale variation of the strong coupling, see
Eq. (6).

very general and does not make use of the specific type
of the gap. Moreover, it also applies to situations where
the superfluid ground state is associated with the forma-
tion of a condensate of color-neutral states, such as pions
in the case of large isospin asymmetry at small chemical
potential, see, e.g., Refs. [66–68].

With respect to phenomenological applications, we add
that even if gap-induced corrections to the pressure may
be small, the gap may nevertheless strongly a!ect other
observables. In particular, this applies to quantities
which can be derived from the pressure by taking deriva-
tives with respect to the chemical potential – such as the
density and speed of sound – as well as transport coef-
ficients. Whether this is the case for specific quantities
derived from the pressure or not depends on the scaling
of the gap with respect to the chemical potential. For
example, it has been found in a renormalization-group
(RG) study based on the fundamental quark and gluon
degrees of freedom that the presence of a global max-
imum in the speed of sound appears tightly connected
to the formation of a gap in the quark excitation spec-
trum [24, 33], at least for two-flavor quark matter. A
more general analysis on how gap-induced corrections to
the equation of state a!ect thermodynamic observables,
in particular the speed of sound, can be found in Ref. [34].

In the present work, we consider symmetric nuclear
matter in the limit of vanishing temperature and quark
masses with a focus on the computation of thermody-
namic quantities. To this end, we shall present a frame-
work in Sec. II that allows us to systematically compute

the coe”cients of an expansion of the pressure p in pow-
ers of the dimensionless gap |#̄gap|

2
→ |#gap|

2/µ2:

p = pfree
(
ω0(g) + ω1(g)|#̄gap|

2

+ ω2(g)|#̄gap|
4 + . . .

)
. (1)

Here, pfree is the pressure of the free quark gas, the ωi’s
denote the expansion coe”cients, and g is the renormal-
ized strong coupling. Although we have written the pres-
sure only in terms of monomials of the gap here, it is not
excluded that terms with a logarithmic dependence on
the gap appear. Indeed, starting at O(|#gap|

4), also cor-
rections of the form ↑ |#gap|

4 ln |#gap|
2 can appear as

our present study already indicates. However, these are
irrelevant for our current computation of the coe”cients
up to O(|#gap|

2). In any case, we tacitly assume here
that the pressure is a smooth function of the gap, which
is reasonable away from phase transitions. A discussion
of other aspects of this expansion of the pressure, such
as its form in the presence of finite quark masses can be
found in, e.g., Refs. [34, 54].
In our calculations of thermodynamic quantities, we

shall restrict ourselves to the case of QCD with two mass-
less quarks, which is simpler than the case with 2 + 1
quark flavors from a purely technical standpoint as we
do not have to account for the explicit breaking of the
flavor symmetry. In two-flavor quark matter, ignoring
the electromagnetic force, the ground state is expected to
be governed by pairing of the so-called two-flavor color-
superconductor (2SC) type and the formation of a corre-
sponding chirally symmetric gap in the quark excitation
spectrum, as indicated by many non-perturbative first-
principles studies [24, 33, 42–50]. Note that this type of
pairing is di!erent from CFL-type pairing since it does
not involve all three colors.
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FIG. 3. Ratio between the numerically solved ∆α and the
analytically solved ∆(0)

α . For the latter case the e”ect of Z(ν)
is not taken into account; see Appendix A for the explicit
form of ∆(0)

α .

IV. CONDENSATION EFFECTS ON THE
SPEED OF SOUND

We present our central results in this section. Before
going to the numerical results, we shall pay attention to
the condensation e!ect on the speed of sound squared,
c2s, at the formal level. Using Eqs. (17), (18), and the
thermodynamic relation, c2s = (∂p/∂µ)/(µ∂2p/∂µ2), we
can expand the deviation of c2s from the conformal limit
as follows:

c2s −
1

3
= − 5

36
µ
∂γ0(g)

∂µ
+
γ1(g)

18

×
{
2
”2

µ2
− ”

µ

∂”

∂µ
−

(∂”
∂µ

)2
−”

∂2”

∂µ2

}
. (23)

The first term is the normal phase NLO correction with-
out ” which is always negative. We should recall that
γ0 ∝ −g(µ)2 and g(µ)2 gets smaller with increasing µ.
This is why the pQCD usually predicts the speed of sound
approaching the conformal limit from below. The rest is
the correction from the condensate. If we drop the last
term ∝ ∂2”/∂µ2, we see that three terms are factored
as (”/µ − ∂”/∂µ)(2”/µ + ∂”/∂µ). From this form,
it is obvious that the speed of sound could rise above
the conformal limit when |”/µ| $ |∂”/∂µ|. In other
words, even if the condensate substantially develops at
some density, the whole correction to the speed of sound
is negative for |∂”/∂µ| $ |”/µ|. It is important to note
that both signs of ∂”/∂µ can make the whole combina-
tion negative. Later, we will discuss the trace anomaly
and the structure is very di!erent there.

In Figs. 4, 5, and 6, we plot the speed of sound for the
diquark superfluid in QC2D, the pion-condensed high-
isospin matter, and the 2SC quark matter, respectively,
without instanton e!ect. Apparently, the gap e!ect in

FIG. 4. Speed of sound for the diquark superfluid in QC2D
without instanton e”ect. The red dashed lines and blue solid
lines represent the results without and with the gap e”ect,
respectively, where three variants are for X = 1, 2, 4 with
Λ = Xµ.

FIG. 5. Speed of sound for the pion-condensed high-isospin
matter without instanton e”ect. The red dashed lines and
blue solid lines represent the results without and with the gap
e”ect, respectively, where three variants are for X = 1, 2, 4
with Λ = Xµ.

Fig. 6 is exceptionally minor, thus we shall discuss the
results in Figs. 4 and 5 first.
In both cases of the diquark superfluid in QC2D and

the pion-condensed high-isospin matter, the speed of
sound without ” remains smaller than the conformal
limit, while the gap corrections make c2s exceed the con-
formal limit in the intermediate density region. As ob-
served in Figs. 4 and 5, ”π causes a drastic rise in the
speed of sound as compared to ”2c. This di!erence is
simply attributed to the gap size. In fact, the gap ex-
ponents are di!erent as ”2c ∼ µ exp[−2π2/g(µ)] and
”π ∼ µI exp[−3π2/2g(µI)]. This di!erence in the ex-
ponential factor results in larger ”π by an order of mag-

<latexit sha1_base64="p2te480Ygu2NzUoH1eIjKoqMIKk="></latexit>
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FIG. 3. Ratio between the numerically solved ∆α and the
analytically solved ∆(0)

α . For the latter case the e”ect of Z(ν)
is not taken into account; see Appendix A for the explicit
form of ∆(0)

α .

IV. CONDENSATION EFFECTS ON THE
SPEED OF SOUND

We present our central results in this section. Before
going to the numerical results, we shall pay attention to
the condensation e!ect on the speed of sound squared,
c2s, at the formal level. Using Eqs. (17), (18), and the
thermodynamic relation, c2s = (∂p/∂µ)/(µ∂2p/∂µ2), we
can expand the deviation of c2s from the conformal limit
as follows:

c2s −
1

3
= − 5

36
µ
∂γ0
∂µ

+
γ1(g)

18
[1− γ0(g)]

×
{
2
”2

µ2
− ”

µ

∂”

∂µ
−

(∂”
∂µ

)2
−”

∂2”

∂µ2

}
. (23)

The first term is the normal phase NLO correction with-
out ” which is always negative. We should recall that
γ0 ∝ −g(µ)2 and g(µ)2 gets smaller with increasing µ.
This is why the pQCD usually predicts the speed of sound
approaching the conformal limit from below. The rest is
the correction from the condensate. If we drop the last
term ∝ ∂2”/∂µ2, we see that three terms are factored
as (”/µ − ∂”/∂µ)(2”/µ + ∂”/∂µ). From this form,
it is obvious that the speed of sound could rise above
the conformal limit when |”/µ| $ |∂”/∂µ|. In other
words, even if the condensate substantially develops at
some density, the whole correction to the speed of sound
is negative for |∂”/∂µ| $ |”/µ|. It is important to note
that both signs of ∂”/∂µ can make the whole combina-
tion negative. Later, we will discuss the trace anomaly
and the structure is very di!erent there.

In Figs. 4, 5, and 6, we plot the speed of sound for the
diquark superfluid in QC2D, the pion-condensed high-
isospin matter, and the 2SC quark matter, respectively,
without instanton e!ect. Apparently, the gap e!ect in

FIG. 4. Speed of sound for the diquark superfluid in QC2D
without instanton e”ect. The red dashed lines and blue solid
lines represent the results without and with the gap e”ect,
respectively, where three variants are for X = 1, 2, 4 with
Λ = Xµ.

FIG. 5. Speed of sound for the pion-condensed high-isospin
matter without instanton e”ect. The red dashed lines and
blue solid lines represent the results without and with the gap
e”ect, respectively, where three variants are for X = 1, 2, 4
with Λ = Xµ.

Fig. 6 is exceptionally minor, thus we shall discuss the
results in Figs. 4 and 5 first.
In both cases of the diquark superfluid in QC2D and

the pion-condensed high-isospin matter, the speed of
sound without ” remains smaller than the conformal
limit, while the gap corrections make c2s exceed the con-
formal limit in the intermediate density region. As ob-
served in Figs. 4 and 5, ”π causes a drastic rise in the
speed of sound as compared to ”2c. This di!erence is
simply attributed to the gap size. In fact, the gap ex-
ponents are di!erent as ”2c ∼ µ exp[−2π2/g(µ)] and
”π ∼ µI exp[−3π2/2g(µI)]. This di!erence in the ex-
ponential factor results in larger ”π by an order of mag-
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cally high density. We will come back to this point in
later discussions. Interestingly, at high density around
µ ! 1 TeV, the numerical solution asymptotically ap-
proaches the analytical solution [], as confirmed in Fig. 3,
though the matching condition is imposed at µ = 3 TeV.
Even more interestingly, for µ " 1 GeV, it is clear from

Fig. 3 that the analytically known !(0)
α without Z(ν) sig-

nificantly underestimate the condensates as compared to
the numerically obtained !α []. This comparison mani-
festly signifies the importance of the wave function renor-
malization factor Z(ν) in Eq. (22). In later discussions,
the factor enhancement of !α by the e”ect of Z(ν) will
turn out to be crucial for the sizable modification in the
speed of sound.

IV. CONDENSATION EFFECTS ON THE
SPEED OF SOUND

We present our central results in this section. Before
going to the numerical results, we shall pay attention to
the condensation e”ect on the speed of sound squared,
c2s, at the formal level. Using Eqs. (17), (18), and the
thermodynamic relation, c2s = (∂P/∂µ)/(µ∂2P/∂µ2), we
can expand the deviation of c2s from the conformal limit
as follows:

c2s −
1

3
= − 5

36
µ
∂γ0
∂µ

+
γ1(g)

18
[1− γ0(g)]

×
{
2
!2

µ2
− !

µ

∂!

∂µ
−

(∂!
∂µ

)2
−!

∂2!

∂µ2

}
. (23)

The first term is the normal phase NLO correction with-
out ! which is always negative. We should recall that
γ0 ∝ −g(µ)2 and g(µ)2 gets smaller with increasing µ.
This is why the pQCD usually predicts the speed of sound
approaching the conformal limit from below. The rest is
the correction from the condensate. If we drop the last
term ∝ ∂2!/∂µ2, we see that three terms are factored
as (!/µ − ∂!/∂µ)(2!/µ + ∂!/∂µ). From this form,
it is obvious that the speed of sound could rise above
the conformal limit when |!/µ| & |∂!/∂µ|. In other
words, even if the condensate substantially develops at
some density, the whole correction to the speed of sound
is negative for |∂!/∂µ| & |!/µ|. It is important to note
that both signs of ∂!/∂µ can make the whole combina-
tion negative. Later, we will discuss the trace anomaly
and the structure is very di”erent there.

In Figs. 4, 5, and 6, we plot the speed of sound for the
diquark superfluid in QC2D, the pion-condensed high-
isospin matter, and the 2SC quark matter, respectively,
without instanton e”ect. Apparently, the gap e”ect in
Fig. 6 is exceptionally minor, thus we shall discuss the
results in Figs. 4 and 5 first.

In both cases of the diquark superfluid in QC2D and
the pion-condensed high-isospin matter, the speed of
sound without ! remains smaller than the conformal
limit, while the gap corrections make c2s exceed the con-

FIG. 4. Speed of sound for the diquark superfluid in QC2D
without instanton effect. The red dashed lines and blue solid
lines represent the results without and with the gap effect,
respectively, where three variants are for X = 1, 2, 4 with
” = Xµ.

FIG. 5. Speed of sound for the pion-condensed high-isospin
matter without instanton effect. The red dashed lines and
blue solid lines represent the results without and with the gap
effect, respectively, where three variants are for X = 1, 2, 4
with ” = Xµ.

formal limit in the intermediate density region. As ob-
served in Figs. 4 and 5, !π causes a drastic rise in the
speed of sound as compared to !2c. This di”erence is
simply attributed to the gap size. In fact, the gap ex-
ponents are di”erent as !2c ≃ µ exp[−2π2/g(µ)] and
!π ≃ µI exp[−3π2/2g(µI)]. This di”erence in the ex-
ponential factor results in larger !π by an order of mag-
nitude than !2c for the same isospin/quark chemical po-
tential. The gap size di”erence makes a sharp contrast in
the high-density region where the näıve perturbation is
expected to be valid. In the high-isospin case, that gap
is so large that the speed of sound can be considerably
modified even at µI ! 2 GeV. Recently, several Lattice

Tendency is 
as expected!
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FIG. 6. Speed of sound for the 2SC quark matter without
instanton effect. The red dashed lines and blue solid lines
represent the results without and with the gap effect, respec-
tively, where three variants are for X = 1, 2, 4 with ” = Xµ.

nitude than !2c for the same isospin/quark chemical po-
tential. The gap size di”erence makes a sharp contrast in
the high-density region where the näıve perturbation is
expected to be valid. In the high-isospin case, that gap
is so large that the speed of sound can be considerably
modified even at µI ! 2 GeV. Recently, several Lattice
QCD simulations have carefully estimated the behavior
of c2s at high isospin density []. Their results also sug-
gest c2s above the conformal value for isospin matter up
to µI ∼ 2 GeV, which may be consistently connected to
our results. In the QC2D case, on the other hand, it is
still difficult to make a direct comparison between our
results and Lattice QC2D simulation, which is partly be-
cause the fermion masses are larger than physical values
[] and partly because the simulation does not reach suffi-
cient precision at high density where pQCD should work.
Nevertheless, the Lattice QC2D data are consistent with
our results within large uncertainty. Unlike the isospin
case in Fig. 5, our perturbation calculations show good
convergence around µq ! 3 GeV, and thus our results in
Fig. 4 should be reliable enough to provide the baseline
for the validity check of the Lattice QC2D simulations.

We next turn to the results for the 2SC quark matter
in Fig. 6. Apparently, the gap correction to c2s is a minor
e”ect; it is positive but invisibly small at high density. In
the low density region, the gap correction becomes neg-
ative, and c2s deviates farther below the conformal limit.
This small and even opposite correction is explained from
Eq. (23) with |∂!/∂µ| ∼ |!/µ|. This suppression due to
|∂!/∂µ| ∼ |!/µ| may or may not change with higher-
order corrections to the gap equation. We would like to
leave this for the future problem.

We make a comment about related non-perturbative
studies. According to the recent analysis of the quark-
meson-diquark model and fRG [], it is a favorable scenario
that the speed of sound exceeds the conformal limit in

FIG. 7. Diquark condensates ∆inst
2SC with the instanton-

induced interactions and∆2SC as functions of the quark chem-
ical potential. The renormalization scale, ”̄ = µq, is chosen.

the 2SC quark matter at some intermediate densities.
In our results, in contrast, the speed of sound does not
reach the conformal limit, which seems to conflict with
phenomenology. However, recalling that our perturba-
tive results for the diquark superfluid in QC2D and the
pion-condensed high-isospin matter are consistent with
Lattice QCD simulations, it is conceivable enough that
that our 2SC results in Fig. 6 can be reliable as long
as the uncertainty band is narrow. Therefore, to recon-
cile our results and others, one likely scenario is that the
speed of sound in the 2SC quark matter stays below the
conformal limit for µq ! 2 GeV and it rapidly increases
in the non-perturbative regime at lower densities. We
will discuss a possible mechanism for this rapid increase
of the speed of sound in Sec. VI.

V. INSTANTON EFFECTS

So far, we have seen the results without the instanton-
induced interaction. As long as we consider the sun-
set diagram in Fig. 1, we find that the speed of sound
in the 2SC quark matter is hardly modified by the di-
quark condensate. Actually, the instanton excitation is
Debye screened at high densities, so that our perturbative
treatment is justified. However, in the non-perturbative
regime at intermediate densities, i.e., µq " ΛQCD, the
screening e”ect is no longer dominant, and the instanton-
induced interaction should play an important role in phe-
nomenology. As expressed in Eq. (8), the interaction
strength of instanton-induced interaction, G, has para-
metric dependence on µ as µ−2(Λ2

QCD/µ
2)b0 ln(µ/Λ̄)2Nc ,

which is not exponential but power-law suppression in
practice. Thus, it is interesting to quantify how much
the results are modified with the instanton-induced in-
teractions taken into account.
In Figs. 7 and 8, the changes in the diquark condensate

?
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α cF1,α cFg,α h1,α h2,α

2SC 3 2
Nc

1
3
√

3

√
2Nc
Nc+1

1
12

1
2

(
1 + 1

Nc

)
2Nf

8Nc(Nc−1)

2c 3 1
3
√

3

√
2Nc
Nc+1

1
12

1
Nc

(
1 + 1

Nc

)
NcNf

8Nc(Nc−1)

π 3 1
3
√

3

√
1

CF

1
12CF

2NfNc
8N2

c

TABLE I. Coefficients in γF
1,α and the gap equation (20) for

the 2SC phase (α =“2SC”), the diquark superfluid in QC2D
(α =“2c”), and the pion condensation at high isospin density
(α =“π”). For CF , see the expression below Eq. (21).

Here, p0 represents the LO pressure and γ0(g) = 1 −
g2/(2ε2) +O(g4) is the NLO correction [22–24].

Next, let us evaluate δ! and the pressure induced by
”. From now, we distinguish the state of matter by the
subscript α which takes “2SC” for the 2SC quark matter,
“2c” for the two-color diquark superfluid, and “ε” for the
pion-condensed high-isospin matter. It should be noted
that we use “pion” even for high-isospin matter in which
the pion no longer exists as a bound state.

In Eq. (15), for convenience, we shall refer to the first
term as a gluonic part, and to the rest as a fermionic
part, and divide the pressure correction to their respec-
tive contributions as

δpα = p0
”2

α

µ2
γ1,α(g) = p0

”2
α

µ2

[
γG1,α(g) + γF1,α(g)

]
. (17)

The fermionic part, γF1,α, is derived up to O(g) in [30]:

γF1,α(g) = cF1,α
[
1 + cFg,αg +O(g2)

]
. (18)

The values of cF1,α and cFg,α for different α are listed in
Tab. I. In addition, the O(g2) terms from the fermionic-
sunset diagram is also evaluated for 2SC matter; see [29].

For the color-singlet condensations, namely, α =“2c”
and “ε”, we see that γG1,α(g) is of O(g2), so that we can
safely neglect such higher-order correction in our approxi-
mation. In contrast, for α =“2SC” with colored diquarks,
the magnetic gluons acquire the Meissner mass of the
same order as the Debye mass ∝ gµ [43, 44]. As shown
in Appendix C, this Meissner mass gives a contribution
of O(gµ2”2) to the pressure. For a precise evaluation of
this contribution, it is necessary to perform the numeri-
cal integration with the momentum-dependent gaps [31].
In this paper, for simplicity, we adopt the following ex-
pression,

γG1,2SC(g) =
5
√
2ε

8
g +O(g2) , (19)

which is derived by the integration over the restricted
region. This term is of the same order of magnitude as
γF1,α in Eq. (18), and we should keep it.

III. BEHAVIOR OF THE GAPS

Our primary interest lies in the effect of nonzero gaps
on the thermodynamic quantities. Here, we analyze the

behavior of ”2SC, ”2c, and ”π, respectively. We can
determine ”α by solving the gap equations for respec-
tive α. Here, we utilize a generic notation, ”̄α(ν), where
the tilde represents the dimensionless gap normalized by
the chemical potential. Similarly, ν represents the dimen-
sionless Euclidean energy normalized by the chemical po-
tential. Dropping the spatial momentum dependence in
”α, we arrive at the following gap equation:

”̄α(ν) =
1

ε2

∫ ∞

0
dν′

[
h1,αg

2 ln

(
b√

|ν2 − ν′2|

)

+ h2,αḠ

]
Z2(ν′)

”̄α(ν′)√
ν′2 + ”̄α(ν′)2

,

(20)

where b = 28ε4(2/Nf)5g−5 [26, 45]. The first logarithmic
term corresponds to the sun-set diagram in Fig. 1 and
the second term involving Ḡ appears from the instanton
effect. We introduce two constants, h1,α and h2,α, which
depend on the system of our interest; see Tab. I. Here,
Z(ν) is the wave-function renormalization factor related
to the non-Fermi liquid behavior of quark matter given
by [46, 47]

Z(ν)−1 = 1 +
g2

24ε2
CF ln

(
εm̄2

D

4ν2

)
(21)

with CF = (N2
c − 1)/2Nc and the dimensionless Debye

mass m̄2
D = (Nf/2ε2)g2.

We numerically solve the gap equation (20). In Figs. 2
and 3, we show our numerical results without instanton,
i.e., the results at G = 0. We will later discuss the in-
stanton effect in Sec. VI. In solving the gap equation,
we introduce a cutoff proportional to the Debye mass,
i.e., AmD with A chosen so that our numerical solution
and the analytical solution (see Appendix A) coincide at
µ = 3 TeV. We note that this cutoff is introduced not
to eliminate the ultraviolet (UV) divergence; the integral
in the gap equation (20) has no UV divergence due to
the energy dependence in ”α. Nonetheless, the physical
cutoff should be imposed to restrict the perturbative for-
mula (21) in the applicable region with ν $ µ [47]. It
should also be noted that the analytical solution assumes
an expansion to drop higher-order terms in the gap equa-
tion, especially in Z(ν), while no expansion is employed
in our numerical results.
From Fig. 2, evidently, we find hierarchy, ”π > ”2c %

”2SC, and this trend is more prominent at asymptoti-
cally high density. We will come back to this point in
later discussions. At high density around µ & 1 TeV, the
numerical solution asymptotically approaches the ana-
lytical solution [27, 28], as confirmed in Fig. 3, though
the matching condition is imposed at µ = 3 TeV in our
prescription. Interestingly, for µ ! 10 GeV, it is clear

from Fig. 3 that the analytically expressed ”(0)
α from the

approximate gap equation expanded in g2 underestimate
the gaps as compared to the numerically obtained ”α by
a factor. This quantitative enhancement will turn out

4

α cF1,α cFg,α h1,α h2,α

2SC 3 2
Nc

1
3
√

3

√
2Nc
Nc+1

1
12

1
2

(
1 + 1

Nc

)
2Nf

8Nc(Nc−1)

2c 3 1
3
√

3

√
2Nc
Nc+1

1
12

1
Nc

(
1 + 1

Nc

)
NcNf

8Nc(Nc−1)

π 3 1
3
√

3

√
1

CF

1
12CF

2NfNc
8N2

c

TABLE I. Coefficients in γF
1,α and the gap equation (20) for

the 2SC phase (α =“2SC”), the diquark superfluid in QC2D
(α =“2c”), and the pion condensation at high isospin density
(α =“π”). For CF , see the expression below Eq. (21).

Here, p0 represents the LO pressure and γ0(g) = 1 −
g2/(2ε2) +O(g4) is the NLO correction [22–24].

Next, let us evaluate δ! and the pressure induced by
”. From now, we distinguish the state of matter by the
subscript α which takes “2SC” for the 2SC quark matter,
“2c” for the two-color diquark superfluid, and “ε” for the
pion-condensed high-isospin matter. It should be noted
that we use “pion” even for high-isospin matter in which
the pion no longer exists as a bound state.

In Eq. (15), for convenience, we shall refer to the first
term as a gluonic part, and to the rest as a fermionic
part, and divide the pressure correction to their respec-
tive contributions as
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The fermionic part, γF1,α, is derived up to O(g) in [30]:

γF1,α(g) = cF1,α
[
1 + cFg,αg +O(g2)

]
. (18)

The values of cF1,α and cFg,α for different α are listed in
Tab. I. In addition, the O(g2) terms from the fermionic-
sunset diagram is also evaluated for 2SC matter; see [29].

For the color-singlet condensations, namely, α =“2c”
and “ε”, we see that γG1,α(g) is of O(g2), so that we can
safely neglect such higher-order correction in our approxi-
mation. In contrast, for α =“2SC” with colored diquarks,
the magnetic gluons acquire the Meissner mass of the
same order as the Debye mass ∝ gµ [43, 44]. As shown
in Appendix C, this Meissner mass gives a contribution
of O(gµ2”2) to the pressure. For a precise evaluation of
this contribution, it is necessary to perform the numeri-
cal integration with the momentum-dependent gaps [31].
In this paper, for simplicity, we adopt the following ex-
pression,

γG1,2SC(g) =
5
√
2ε

8
g +O(g2) , (19)

which is derived by the integration over the restricted
region. This term is of the same order of magnitude as
γF1,α in Eq. (18), and we should keep it.

III. BEHAVIOR OF THE GAPS

Our primary interest lies in the effect of nonzero gaps
on the thermodynamic quantities. Here, we analyze the

behavior of ”2SC, ”2c, and ”π, respectively. We can
determine ”α by solving the gap equations for respec-
tive α. Here, we utilize a generic notation, ”̄α(ν), where
the tilde represents the dimensionless gap normalized by
the chemical potential. Similarly, ν represents the dimen-
sionless Euclidean energy normalized by the chemical po-
tential. Dropping the spatial momentum dependence in
”α, we arrive at the following gap equation:

”̄α(ν) =
1
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∫ ∞
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where b = 28ε4(2/Nf)5g−5 [26, 45]. The first logarithmic
term corresponds to the sun-set diagram in Fig. 1 and
the second term involving Ḡ appears from the instanton
effect. We introduce two constants, h1,α and h2,α, which
depend on the system of our interest; see Tab. I. Here,
Z(ν) is the wave-function renormalization factor related
to the non-Fermi liquid behavior of quark matter given
by [46, 47]

Z(ν)−1 = 1 +
g2

24ε2
CF ln

(
εm̄2

D

4ν2

)
(21)

with CF = (N2
c − 1)/2Nc and the dimensionless Debye

mass m̄2
D = (Nf/2ε2)g2.

We numerically solve the gap equation (20). In Figs. 2
and 3, we show our numerical results without instanton,
i.e., the results at G = 0. We will later discuss the in-
stanton effect in Sec. VI. In solving the gap equation,
we introduce a cutoff proportional to the Debye mass,
i.e., AmD with A chosen so that our numerical solution
and the analytical solution (see Appendix A) coincide at
µ = 3 TeV. We note that this cutoff is introduced not
to eliminate the ultraviolet (UV) divergence; the integral
in the gap equation (20) has no UV divergence due to
the energy dependence in ”α. Nonetheless, the physical
cutoff should be imposed to restrict the perturbative for-
mula (21) in the applicable region with ν $ µ [47]. It
should also be noted that the analytical solution assumes
an expansion to drop higher-order terms in the gap equa-
tion, especially in Z(ν), while no expansion is employed
in our numerical results.
From Fig. 2, evidently, we find hierarchy, ”π > ”2c %

”2SC, and this trend is more prominent at asymptoti-
cally high density. We will come back to this point in
later discussions. At high density around µ & 1 TeV, the
numerical solution asymptotically approaches the ana-
lytical solution [27, 28], as confirmed in Fig. 3, though
the matching condition is imposed at µ = 3 TeV in our
prescription. Interestingly, for µ ! 10 GeV, it is clear

from Fig. 3 that the analytically expressed ”(0)
α from the

approximate gap equation expanded in g2 underestimate
the gaps as compared to the numerically obtained ”α by
a factor. This quantitative enhancement will turn out
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the 2SC phase (α =“2SC”), the diquark superfluid in QC2D
(α =“2c”), and the pion condensation at high isospin density
(α =“π”). For CF , see the expression below Eq. (21).

Here, p0 represents the LO pressure and γ0(g) = 1 −
g2/(2ε2) +O(g4) is the NLO correction [22–24].

Next, let us evaluate δ! and the pressure induced by
”. From now, we distinguish the state of matter by the
subscript α which takes “2SC” for the 2SC quark matter,
“2c” for the two-color diquark superfluid, and “ε” for the
pion-condensed high-isospin matter. It should be noted
that we use “pion” even for high-isospin matter in which
the pion no longer exists as a bound state.

In Eq. (15), for convenience, we shall refer to the first
term as a gluonic part, and to the rest as a fermionic
part, and divide the pressure correction to their respec-
tive contributions as

δpα = p0
”2

α

µ2
γ1,α(g) = p0

”2
α

µ2

[
γG1,α(g) + γF1,α(g)

]
. (17)

The fermionic part, γF1,α, is derived up to O(g) in [30]:

γF1,α(g) = cF1,α
[
1 + cFg,αg +O(g2)

]
. (18)

The values of cF1,α and cFg,α for different α are listed in
Tab. I. In addition, the O(g2) terms from the fermionic-
sunset diagram is also evaluated for 2SC matter; see [29].

For the color-singlet condensations, namely, α =“2c”
and “ε”, we see that γG1,α(g) is of O(g2), so that we can
safely neglect such higher-order correction in our approxi-
mation. In contrast, for α =“2SC” with colored diquarks,
the magnetic gluons acquire the Meissner mass of the
same order as the Debye mass ∝ gµ [43, 44]. As shown
in Appendix C, this Meissner mass gives a contribution
of O(gµ2”2) to the pressure. For a precise evaluation of
this contribution, it is necessary to perform the numeri-
cal integration with the momentum-dependent gaps [31].
In this paper, for simplicity, we adopt the following ex-
pression,

γG1,2SC(g) =
5
√
2ε

8
g +O(g2) , (19)

which is derived by the integration over the restricted
region. This term is of the same order of magnitude as
γF1,α in Eq. (18), and we should keep it.

III. BEHAVIOR OF THE GAPS

Our primary interest lies in the effect of nonzero gaps
on the thermodynamic quantities. Here, we analyze the

behavior of ”2SC, ”2c, and ”π, respectively. We can
determine ”α by solving the gap equations for respec-
tive α. Here, we utilize a generic notation, ”̄α(ν), where
the tilde represents the dimensionless gap normalized by
the chemical potential. Similarly, ν represents the dimen-
sionless Euclidean energy normalized by the chemical po-
tential. Dropping the spatial momentum dependence in
”α, we arrive at the following gap equation:

”̄α(ν) =
1

ε2

∫ ∞

0
dν′

[
h1,αg

2 ln

(
b√

|ν2 − ν′2|

)

+ h2,αḠ

]
Z2(ν′)

”̄α(ν′)√
ν′2 + ”̄α(ν′)2

,

(20)

where b = 28ε4(2/Nf)5g−5 [26, 45]. The first logarithmic
term corresponds to the sun-set diagram in Fig. 1 and
the second term involving Ḡ appears from the instanton
effect. We introduce two constants, h1,α and h2,α, which
depend on the system of our interest; see Tab. I. Here,
Z(ν) is the wave-function renormalization factor related
to the non-Fermi liquid behavior of quark matter given
by [46, 47]

Z(ν)−1 = 1 +
g2

24ε2
CF ln

(
εm̄2

D

4ν2

)
(21)

with CF = (N2
c − 1)/2Nc and the dimensionless Debye

mass m̄2
D = (Nf/2ε2)g2.

We numerically solve the gap equation (20). In Figs. 2
and 3, we show our numerical results without instanton,
i.e., the results at G = 0. We will later discuss the in-
stanton effect in Sec. VI. In solving the gap equation,
we introduce a cutoff proportional to the Debye mass,
i.e., AmD with A chosen so that our numerical solution
and the analytical solution (see Appendix A) coincide at
µ = 3 TeV. We note that this cutoff is introduced not
to eliminate the ultraviolet (UV) divergence; the integral
in the gap equation (20) has no UV divergence due to
the energy dependence in ”α. Nonetheless, the physical
cutoff should be imposed to restrict the perturbative for-
mula (21) in the applicable region with ν $ µ [47]. It
should also be noted that the analytical solution assumes
an expansion to drop higher-order terms in the gap equa-
tion, especially in Z(ν), while no expansion is employed
in our numerical results.
From Fig. 2, evidently, we find hierarchy, ”π > ”2c %

”2SC, and this trend is more prominent at asymptoti-
cally high density. We will come back to this point in
later discussions. At high density around µ & 1 TeV, the
numerical solution asymptotically approaches the ana-
lytical solution [27, 28], as confirmed in Fig. 3, though
the matching condition is imposed at µ = 3 TeV in our
prescription. Interestingly, for µ ! 10 GeV, it is clear

from Fig. 3 that the analytically expressed ”(0)
α from the

approximate gap equation expanded in g2 underestimate
the gaps as compared to the numerically obtained ”α by
a factor. This quantitative enhancement will turn out
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the 2SC phase (α =“2SC”), the diquark superfluid in QC2D
(α =“2c”), and the pion condensation at high isospin density
(α =“π”). For CF , see the expression below Eq. (21).

Here, p0 represents the LO pressure and γ0(g) = 1 −
g2/(2ε2) +O(g4) is the NLO correction [22–24].

Next, let us evaluate δ! and the pressure induced by
”. From now, we distinguish the state of matter by the
subscript α which takes “2SC” for the 2SC quark matter,
“2c” for the two-color diquark superfluid, and “ε” for the
pion-condensed high-isospin matter. It should be noted
that we use “pion” even for high-isospin matter in which
the pion no longer exists as a bound state.

In Eq. (15), for convenience, we shall refer to the first
term as a gluonic part, and to the rest as a fermionic
part, and divide the pressure correction to their respec-
tive contributions as

δpα = p0
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α

µ2
γ1,α(g) = p0

”2
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µ2

[
γG1,α(g) + γF1,α(g)

]
. (17)

The fermionic part, γF1,α, is derived up to O(g) in [30]:

γF1,α(g) = cF1,α
[
1 + cFg,αg +O(g2)

]
. (18)

The values of cF1,α and cFg,α for different α are listed in
Tab. I. In addition, the O(g2) terms from the fermionic-
sunset diagram is also evaluated for 2SC matter; see [29].

For the color-singlet condensations, namely, α =“2c”
and “ε”, we see that γG1,α(g) is of O(g2), so that we can
safely neglect such higher-order correction in our approxi-
mation. In contrast, for α =“2SC” with colored diquarks,
the magnetic gluons acquire the Meissner mass of the
same order as the Debye mass ∝ gµ [43, 44]. As shown
in Appendix C, this Meissner mass gives a contribution
of O(gµ2”2) to the pressure. For a precise evaluation of
this contribution, it is necessary to perform the numeri-
cal integration with the momentum-dependent gaps [31].
In this paper, for simplicity, we adopt the following ex-
pression,

γG1,2SC(g) =
5
√
2ε

8
g +O(g2) , (19)

which is derived by the integration over the restricted
region. This term is of the same order of magnitude as
γF1,α in Eq. (18), and we should keep it.

III. BEHAVIOR OF THE GAPS

Our primary interest lies in the effect of nonzero gaps
on the thermodynamic quantities. Here, we analyze the

behavior of ”2SC, ”2c, and ”π, respectively. We can
determine ”α by solving the gap equations for respec-
tive α. Here, we utilize a generic notation, ”̄α(ν), where
the tilde represents the dimensionless gap normalized by
the chemical potential. Similarly, ν represents the dimen-
sionless Euclidean energy normalized by the chemical po-
tential. Dropping the spatial momentum dependence in
”α, we arrive at the following gap equation:

”̄α(ν) =
1

ε2

∫ ∞
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[
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+ h2,αḠ
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where b = 28ε4(2/Nf)5g−5 [26, 45]. The first logarithmic
term corresponds to the sun-set diagram in Fig. 1 and
the second term involving Ḡ appears from the instanton
effect. We introduce two constants, h1,α and h2,α, which
depend on the system of our interest; see Tab. I. Here,
Z(ν) is the wave-function renormalization factor related
to the non-Fermi liquid behavior of quark matter given
by [46, 47]

Z(ν)−1 = 1 +
g2

24ε2
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εm̄2
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4ν2

)
(21)

with CF = (N2
c − 1)/2Nc and the dimensionless Debye

mass m̄2
D = (Nf/2ε2)g2.

We numerically solve the gap equation (20). In Figs. 2
and 3, we show our numerical results without instanton,
i.e., the results at G = 0. We will later discuss the in-
stanton effect in Sec. VI. In solving the gap equation,
we introduce a cutoff proportional to the Debye mass,
i.e., AmD with A chosen so that our numerical solution
and the analytical solution (see Appendix A) coincide at
µ = 3 TeV. We note that this cutoff is introduced not
to eliminate the ultraviolet (UV) divergence; the integral
in the gap equation (20) has no UV divergence due to
the energy dependence in ”α. Nonetheless, the physical
cutoff should be imposed to restrict the perturbative for-
mula (21) in the applicable region with ν $ µ [47]. It
should also be noted that the analytical solution assumes
an expansion to drop higher-order terms in the gap equa-
tion, especially in Z(ν), while no expansion is employed
in our numerical results.
From Fig. 2, evidently, we find hierarchy, ”π > ”2c %

”2SC, and this trend is more prominent at asymptoti-
cally high density. We will come back to this point in
later discussions. At high density around µ & 1 TeV, the
numerical solution asymptotically approaches the ana-
lytical solution [27, 28], as confirmed in Fig. 3, though
the matching condition is imposed at µ = 3 TeV in our
prescription. Interestingly, for µ ! 10 GeV, it is clear

from Fig. 3 that the analytically expressed ”(0)
α from the

approximate gap equation expanded in g2 underestimate
the gaps as compared to the numerically obtained ”α by
a factor. This quantitative enhancement will turn out
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FIG. 1. Leading-order diagrams in Γ2. The solid line denotes
the quark propagator and the curly line denotes the gluon
propagator. We consider the left diagram in the first part
of this work and address the instanton e”ect from the right
diagram in Sec. VI.

The full propagators are written in terms of the free
propagators, S0 and D0, and the self-energies, ! and ”,
through the following Schwinger-Dyson equations:

S−1 = S−1
0 + ! , (4)

D−1 = D−1
0 +” . (5)

In this work, we approximate Γ2 with truncation up to
two types of diagrams as shown in Fig. 1. The left di-
agram in Fig. 1 is what is called the sun-set diagram
mediated by the one-gluon-exchange interaction, and the
right diagram is induced by the instanton interaction as
explained below.

Usually, in the pQCD calculation, the non-
perturbative contribution from the instanton-induced
interaction is not taken into account [22–24]. Later,
for the demonstration of possible non-perturbative
enhancement, we will quantify the instanton effect using
the effective interaction for two-flavor matter, i.e.,

Linst = − G

8(N2
c − 1)

N2
c − 1

N2
c

4(ūγ5d)(d̄γ5u) (6)

for the q̄q channel and

Linst = − G

8(N2
c − 1)

Nc + 1

Nc

1

ε

× (ψ̄τ2λAγ5Cψ̄
T )(ψT τ2λACγ5ψ)

(7)

for the qq channel [36, 37]. Here τi’s are Pauli matrices in
flavor space, and λA (A = 2, 5, 7) are the anti-symmetric
color generators normalized by Trcolor(λAλB) = εδAB ,
where ε = 1/2 in our convention. The charge conjugation
matrix is C = iγ2γ0. The strength of the interaction, G,
is characterized by the instanton density. At the one loop
order of the diute-gas approximation, G or dimensionless
coupling, Ḡ = Gµ2, is given by [38]

Ḡ = CN

[
8π2

g(Λ̄)2

]2Nc
(
Λ2
QCD

µ2

)b0 (2π)4

N b0+1
f

Γ(b0 + 1)

2
. (8)

It should be noted that µ represents either the quark
chemical potential µq for diquark condensate or the
isospin chemical potential µI for pion condensate. Here,
b0 = (11Nc − 2Nf)/6 is the constant in the running cou-
pling constant and CN is a scheme-dependent constant
and Λ̄ is the renormalization scale. Throughout this pa-
per, we adopt the MS scheme, and for details about the
corresponding value of CN , see Appendix B.
In order to proceed, we rewrite the full propagators

as [39, 40]

S(∆) = Snorm + δS(∆) , (9)

D−1(∆) = D−1
HDL + δ”(∆) . (10)

The full quark propagator S generally depends on the gap
energy ∆. In this paper, we always refer to ∆ as the gap
(energy); ∆ has the dimension of energy, while quark-
bilinear condensates have the mass dimension three. We
separate the ∆-independent part as Snorm = S(∆ = 0).
In the above expression, δS represents the correction
to the quark propagator by ∆ #= 0. As for the gluon
propagator, we consider the separation for not D(∆) but
D−1(∆) for later convenience. In the above we adapt the
Hard-Dense-Loop resummed propagator to approximate
D−1|∆=0 $ D−1

HDL [41, 42]. The resummed propagator is
given by

D−1
HDL = D−1

0 +”HDL . (11)

We give the explicit forms of ”HDL and D−1
HDL in Ap-

pendix A. Plugging these propagators into Eq. (1), we
obtain the grand potential:

’(∆) = ’norm + δ’(∆) , (12)

where

’norm = −1

2

[
Tr ln(D−1

HDL)− Tr(”HDLDHDL)
]

+ η
[
Tr ln(S−1

norm)−Tr(1−S−1
0 Snorm)

]
+ Γ2|∆=0 . (13)

We note that the loop corrections are also split as

Γ2 = Γ2|∆=0 + δΓ2 . (14)

Technically, Γ2|∆=0 is diagrammatically calculable
in terms of the propagators with ∆ = 0, i.e.,
Γ2(Snorm, DHDL). The remaining part including ∆ de-
pendence reads:

δ’(∆) = −1

2

[
Tr ln(1 + δ”DHDL)− Tr(δ”DHDL)

]

+ η
[
−Tr ln(1 + S−1

normδS) + Tr(S−1
0 δS)

]
+ δΓ2 . (15)

We first address the term, ’norm, which gives the pres-
sure in the normal phase. The weak coupling expansion
of Eq. (13) with the truncated Γ2 given in Fig. 1 correctly
reproduces pQCD up to the NLO results. It is, therefore,
a reasonable approximation to employ the NLO results
for the normal phase pressure, that is,

pnorm = p0 γ0(g) . (16)

3

FIG. 1. Leading-order diagrams in Γ2. The solid line denotes
the quark propagator and the curly line denotes the gluon
propagator. We consider the left diagram in the first part
of this work and address the instanton e”ect from the right
diagram in Sec. VI.

The full propagators are written in terms of the free
propagators, S0 and D0, and the self-energies, ! and ”,
through the following Schwinger-Dyson equations:

S−1 = S−1
0 + ! , (4)

D−1 = D−1
0 +” . (5)

In this work, we approximate Γ2 with truncation up to
two types of diagrams as shown in Fig. 1. The left di-
agram in Fig. 1 is what is called the sun-set diagram
mediated by the one-gluon-exchange interaction, and the
right diagram is induced by the instanton interaction as
explained below.

Usually, in the pQCD calculation, the non-
perturbative contribution from the instanton-induced
interaction is not taken into account [22–24]. Later,
for the demonstration of possible non-perturbative
enhancement, we will quantify the instanton effect using
the effective interaction for two-flavor matter, i.e.,

Linst = − G

8(N2
c − 1)

N2
c − 1

N2
c

4(ūγ5d)(d̄γ5u) (6)

for the q̄q channel and

Linst = − G

8(N2
c − 1)

Nc + 1

Nc

1

ε

× (ψ̄τ2λAγ5Cψ̄
T )(ψT τ2λACγ5ψ)

(7)

for the qq channel [36, 37]. Here τi’s are Pauli matrices in
flavor space, and λA (A = 2, 5, 7) are the anti-symmetric
color generators normalized by Trcolor(λAλB) = εδAB ,
where ε = 1/2 in our convention. The charge conjugation
matrix is C = iγ2γ0. The strength of the interaction, G,
is characterized by the instanton density. At the one loop
order of the diute-gas approximation, G or dimensionless
coupling, Ḡ = Gµ2, is given by [38]

Ḡ = CN

[
8π2

g(Λ̄)2

]2Nc
(
Λ2
QCD

µ2

)b0 (2π)4

N b0+1
f

Γ(b0 + 1)

2
. (8)

It should be noted that µ represents either the quark
chemical potential µq for diquark condensate or the
isospin chemical potential µI for pion condensate. Here,
b0 = (11Nc − 2Nf)/6 is the constant in the running cou-
pling constant and CN is a scheme-dependent constant
and Λ̄ is the renormalization scale. Throughout this pa-
per, we adopt the MS scheme, and for details about the
corresponding value of CN , see Appendix B.
In order to proceed, we rewrite the full propagators

as [39, 40]

S(∆) = Snorm + δS(∆) , (9)

D−1(∆) = D−1
HDL + δ”(∆) . (10)

The full quark propagator S generally depends on the gap
energy ∆. In this paper, we always refer to ∆ as the gap
(energy); ∆ has the dimension of energy, while quark-
bilinear condensates have the mass dimension three. We
separate the ∆-independent part as Snorm = S(∆ = 0).
In the above expression, δS represents the correction
to the quark propagator by ∆ #= 0. As for the gluon
propagator, we consider the separation for not D(∆) but
D−1(∆) for later convenience. In the above we adapt the
Hard-Dense-Loop resummed propagator to approximate
D−1|∆=0 $ D−1

HDL [41, 42]. The resummed propagator is
given by

D−1
HDL = D−1

0 +”HDL . (11)

We give the explicit forms of ”HDL and D−1
HDL in Ap-

pendix A. Plugging these propagators into Eq. (1), we
obtain the grand potential:

’(∆) = ’norm + δ’(∆) , (12)

where

’norm = −1

2

[
Tr ln(D−1

HDL)− Tr(”HDLDHDL)
]

+ η
[
Tr ln(S−1

norm)−Tr(1−S−1
0 Snorm)

]
+ Γ2|∆=0 . (13)

We note that the loop corrections are also split as

Γ2 = Γ2|∆=0 + δΓ2 . (14)

Technically, Γ2|∆=0 is diagrammatically calculable
in terms of the propagators with ∆ = 0, i.e.,
Γ2(Snorm, DHDL). The remaining part including ∆ de-
pendence reads:

δ’(∆) = −1

2

[
Tr ln(1 + δ”DHDL)− Tr(δ”DHDL)

]

+ η
[
−Tr ln(1 + S−1

normδS) + Tr(S−1
0 δS)

]
+ δΓ2 . (15)

We first address the term, ’norm, which gives the pres-
sure in the normal phase. The weak coupling expansion
of Eq. (13) with the truncated Γ2 given in Fig. 1 correctly
reproduces pQCD up to the NLO results. It is, therefore,
a reasonable approximation to employ the NLO results
for the normal phase pressure, that is,

pnorm = p0 γ0(g) . (16)
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FIG. 6. Speed of sound for the 2SC quark matter without
instanton effect. The red dashed lines and blue solid lines
represent the results without and with the gap effect, respec-
tively, where three variants are for X = 1, 2, 4 with ” = Xµ.

nitude than !2c for the same isospin/quark chemical po-
tential. The gap size di”erence makes a sharp contrast in
the high-density region where the näıve perturbation is
expected to be valid. In the high-isospin case, that gap
is so large that the speed of sound can be considerably
modified even at µI ! 2 GeV. Recently, several Lattice
QCD simulations have carefully estimated the behavior
of c2s at high isospin density []. Their results also sug-
gest c2s above the conformal value for isospin matter up
to µI ∼ 2 GeV, which may be consistently connected to
our results. In the QC2D case, on the other hand, it is
still difficult to make a direct comparison between our
results and Lattice QC2D simulation, which is partly be-
cause the fermion masses are larger than physical values
[] and partly because the simulation does not reach suffi-
cient precision at high density where pQCD should work.
Nevertheless, the Lattice QC2D data are consistent with
our results within large uncertainty. Unlike the isospin
case in Fig. 5, our perturbation calculations show good
convergence around µq ! 3 GeV, and thus our results in
Fig. 4 should be reliable enough to provide the baseline
for the validity check of the Lattice QC2D simulations.

We next turn to the results for the 2SC quark matter
in Fig. 6. Apparently, the gap correction to c2s is a minor
e”ect; it is positive but invisibly small at high density. In
the low density region, the gap correction becomes neg-
ative, and c2s deviates farther below the conformal limit.
This small and even opposite correction is explained from
Eq. (23) with |∂!/∂µ| ∼ |!/µ|. This suppression due to
|∂!/∂µ| ∼ |!/µ| may or may not change with higher-
order corrections to the gap equation. We would like to
leave this for the future problem.

We make a comment about related non-perturbative
studies. According to the recent analysis of the quark-
meson-diquark model and fRG [], it is a favorable scenario
that the speed of sound exceeds the conformal limit in

FIG. 7. Diquark condensates ∆inst
2SC with the instanton-

induced interactions and∆2SC as functions of the quark chem-
ical potential. The renormalization scale, ”̄ = µq, is chosen.

the 2SC quark matter at some intermediate densities.
In our results, in contrast, the speed of sound does not
reach the conformal limit, which seems to conflict with
phenomenology. However, recalling that our perturba-
tive results for the diquark superfluid in QC2D and the
pion-condensed high-isospin matter are consistent with
Lattice QCD simulations, it is conceivable enough that
that our 2SC results in Fig. 6 can be reliable as long
as the uncertainty band is narrow. Therefore, to recon-
cile our results and others, one likely scenario is that the
speed of sound in the 2SC quark matter stays below the
conformal limit for µq ! 2 GeV and it rapidly increases
in the non-perturbative regime at lower densities. We
will discuss a possible mechanism for this rapid increase
of the speed of sound in Sec. VI.

V. INSTANTON EFFECTS

So far, we have seen the results without the instanton-
induced interaction. As long as we consider the sun-
set diagram in Fig. 1, we find that the speed of sound
in the 2SC quark matter is hardly modified by the di-
quark condensate. Actually, the instanton excitation is
Debye screened at high densities, so that our perturbative
treatment is justified. However, in the non-perturbative
regime at intermediate densities, i.e., µq " ΛQCD, the
screening e”ect is no longer dominant, and the instanton-
induced interaction should play an important role in phe-
nomenology. As expressed in Eq. (8), the interaction
strength of instanton-induced interaction, G, has para-
metric dependence on µ as µ−2(Λ2

QCD/µ
2)b0 ln(µ/Λ̄)2Nc ,

which is not exponential but power-law suppression in
practice. Thus, it is interesting to quantify how much
the results are modified with the instanton-induced in-
teractions taken into account.
In Figs. 7 and 8, the changes in the diquark condensate

Factor larger condensates

Even worse!? 8

FIG. 10. Diquark gaps∆inst
2SC with the instanton-induced inter-

actions and∆2SC as functions of the quark chemical potential.
The renormalization scale, ”̄ = µq, is chosen.

VI. INSTANTON-INDUCED ENHANCEMENT

So far, we have seen the results without the instanton-
induced interaction. As long as we consider the sun-
set diagram in Fig. 1, we find that the speed of sound
in the 2SC quark matter is hardly modified by the di-
quark condensate, while the trace anomaly can receive
non-negligible contributions. The instanton excitation
is generally Debye-screened by finite density [37, 51], so
that our perturbative treatment should be reasonable if
the density is high enough.

In the non-perturbative regime at intermediate den-
sities around µq ! !QCD, however, the screening e”ect
may not be dominant, and the instanton-induced interac-
tion could play an important role in phenomenology [19,
36, 37, 52, 53]. Actually, G in Eq. (8), the strength of
the instanton-induced interaction, has parametric depen-
dence on µ as µ−2(!2

QCD/µ
2)b0 ln(µ/!̄)2Nc , which is not

exponential but power-law suppression. Thus, it is a le-
gitimate strategy toward the non-perturbative regime to
take account of the instanton-induced interaction as a
first step.

In Fig. 10, as in previous studies [54], we numerically
confirm that the instanton e”ects cause enhancement in
∆2SC by a factor ∼ 2-3 for µq ! 1 GeV. We do not show
a figure but the trace anomaly is negatively shifted as
expected. However, enhanced ∆2SC does not necessar-
ily lead to desirable behavior of the speed of sound. In
fact, as shown in Fig. 11, the speed of sound is shifted
downward from the conformal limit for µq ! 2 GeV. We
can understand these results from the expression of the
speed of sound in terms of ∆ and ∂∆/∂µ in Eq. (22).
Since ∆inst

2SC exhibits steeper increase, the instanton ef-
fects may well lead to |∂∆/∂µ| > |∆/µ|, which flips the
sign of the correction to suppress the speed of sound. We
have checked that this decreasing behavior of the speed
of sound is common also for the diquark superfluid in

FIG. 11. Speed of sound calculated with and without the
effects of ∆inst

2SC.

FIG. 12. Schematic illustration for our scenario of the gap be-
havior in the non-perturbative regime with logarithmic scales.
[A: diquark superfluid in QC2D and pion-condensed high-
isospin matter] The gap energy of O(”QCD) at high density
with µ/”QCD ∼ O(10) (blue solid line) remains almost un-
changed at lower density with µ/”QCD ∼ O(1) (blue dashed
line). [B: 2SC quark matter] The gap much smaller than
”QCD at high density (red solid line) rapidly increases at lower
density and then saturated at some value of O(”QCD) (red
dashed line).

QC2D and the pion-condensed high-isospin matter. In
these cases, the suppression of the speed of sound is dis-
favored by the LQCD results [12, 13, 17, 18]. Therefore,
we conclude that the (dilute) instanton e”ects should not
be the leading non-perturbative correction; either the
instanton-induced interactions are still Debye-screened
and/or other non-perturbative e”ects overcome.
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FIG. 3. Ratio between the numerically solved ∆α and the
analytically solved ∆(0)

α . For the latter case the e”ect of Z(ν)
is not taken into account; see Appendix A for the explicit
form of ∆(0)

α .

IV. CONDENSATION EFFECTS ON THE
SPEED OF SOUND

We present our central results in this section. Before
going to the numerical results, we shall pay attention to
the condensation e!ect on the speed of sound squared,
c2s, at the formal level. Using Eqs. (17), (18), and the
thermodynamic relation, c2s = (∂p/∂µ)/(µ∂2p/∂µ2), we
can expand the deviation of c2s from the conformal limit
as follows:

c2s −
1

3
= − 5

36
µ
∂γ0(g)

∂µ
+
γ1(g)

18

×
{
2
”2

µ2
− ”

µ

∂”

∂µ
−

(∂”
∂µ

)2
−”

∂2”

∂µ2

}
. (23)

The first term is the normal phase NLO correction with-
out ” which is always negative. We should recall that
γ0 ∝ −g(µ)2 and g(µ)2 gets smaller with increasing µ.
This is why the pQCD usually predicts the speed of sound
approaching the conformal limit from below. The rest is
the correction from the condensate. If we drop the last
term ∝ ∂2”/∂µ2, we see that three terms are factored
as (”/µ − ∂”/∂µ)(2”/µ + ∂”/∂µ). From this form,
it is obvious that the speed of sound could rise above
the conformal limit when |”/µ| $ |∂”/∂µ|. In other
words, even if the condensate substantially develops at
some density, the whole correction to the speed of sound
is negative for |∂”/∂µ| $ |”/µ|. It is important to note
that both signs of ∂”/∂µ can make the whole combina-
tion negative. Later, we will discuss the trace anomaly
and the structure is very di!erent there.

In Figs. 4, 5, and 6, we plot the speed of sound for the
diquark superfluid in QC2D, the pion-condensed high-
isospin matter, and the 2SC quark matter, respectively,
without instanton e!ect. Apparently, the gap e!ect in

FIG. 4. Speed of sound for the diquark superfluid in QC2D
without instanton e”ect. The red dashed lines and blue solid
lines represent the results without and with the gap e”ect,
respectively, where three variants are for X = 1, 2, 4 with
Λ = Xµ.

FIG. 5. Speed of sound for the pion-condensed high-isospin
matter without instanton e”ect. The red dashed lines and
blue solid lines represent the results without and with the gap
e”ect, respectively, where three variants are for X = 1, 2, 4
with Λ = Xµ.

Fig. 6 is exceptionally minor, thus we shall discuss the
results in Figs. 4 and 5 first.
In both cases of the diquark superfluid in QC2D and

the pion-condensed high-isospin matter, the speed of
sound without ” remains smaller than the conformal
limit, while the gap corrections make c2s exceed the con-
formal limit in the intermediate density region. As ob-
served in Figs. 4 and 5, ”π causes a drastic rise in the
speed of sound as compared to ”2c. This di!erence is
simply attributed to the gap size. In fact, the gap ex-
ponents are di!erent as ”2c ∼ µ exp[−2π2/g(µ)] and
”π ∼ µI exp[−3π2/2g(µI)]. This di!erence in the ex-
ponential factor results in larger ”π by an order of mag-
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FIG. 10. The perturbative result of trace anomaly. In order
to estimate the effect of diquarks at low densities, we also
included a line with a constant ”2SC. As explained in the
main text, the diquark correction improve the behaviour of
the trace anomaly. This is opposite to the speed of sound
shown in Fig ??. The difference stems from the different roles
of the differential terms in (23) and (24).

regarded as constant as shown by the dashed blue line
in Fig. 9 and the derivative terms can be dropped in
Eq. (23). Under this simplification, only the (!/µ)2

term of O(1) for µ ∼ ”QCD contribute to raise the
speed of sound. On the other hand, in the case of the
2SC quark matter, the diquark condensate turns out
to be much smaller than ”QCD at high density with
µ/”QCD ∼ O(10). Because the condensate rapidly in-
creases at lower densities, |∂!/∂µ| ∼ |!/µ| is realized.
The derivative term (∂!/∂µ)2 overcomes the positive
contribution of (!/µ)2 in Eq. (23), and then the speed
of sound decreases. The microscopic origin of these dif-
ferences lies in the strength of the one-gluon-exchange
(OGE) interaction. Since the color-singlet channel is the
most attractive in the gluon interactions, the order of the
OGE strength is (isospin) > (QC2D) " (2SC). Because
of the strong suppression of the 2SC gap at high density,
the condensate should rapidly be rising at lower densities.

Then, will this rapid growth of the gap continue in-
definitely? At µ ∼ ”QCD, the diquark condensate will
increase to O(”QCD) due to the non-perturbative attrac-
tive interactions. At this scale, quantities with a mass
dimension D would roughly scale as O(”D

QCD), and thus
the rate of change of the diquark condensate would be-
come small; !/µ " ∂!/∂µ. At this stage, the conden-
sate stop increasing and (!/µ)2 term in (23) will raise the
speed of sound. Such a picture should be well described
by the quark-meson-diquark model. Recent calculations
[] predict that the speed of sound begins to increase at
about µ ∼ 1.5 GeV, and the maximum value is c2s ∼ 0.38
at µ ∼ 0.4 GeV. This maximum value is smaller than
the observational data from neutron stars and the lat-
tice calculations of QC2D and isospin matters show, but
qualitatively not so bad.

These qualitative analysis also holds for trace anoma-
lies as well. The formula for the trace anomaly corre-
sponding to (23) is given by

T =
1

3
− p

ε

$ µ

9

∂γ0(g)

∂µ
− 2

9
γ1(g)

!

µ

(!
µ

− ∂!

∂µ

)
. (24)

It is important to note that in this case, again, the correc-
tion by the gap appears in the form of the difference of the
! and its derivative. When the condensate is O(”QCD)
and its derivative is much smaller than the magnitude
of the condensate, !/µ " ∂!/∂µ, only the first term
(!/µ)2 gives O(1) contribution. Then, the correction by
condensates becomes negative.
More interesting behaviour appears when the conden-

sate rises rapidly as it goes to lower densities. In the
case of the speed of sound, the negative contribution
by derivative term (∂!/∂µ)2 cancel the positive con-
tribution by comes from (∂!/∂µ)2, and these contri-
butions (!/µ)2, and the speed of sound decreases (see
the 2SC case of Fig.??). On the other hand, in (24),
the derivative contribution comes from (∂!/∂µ), and it
depends on the sign of the derivative. When the con-
densate grows rapidly as the lower density goes, the sign
of the derivative is negative. Therefore, in contrast to
the speed of sound, the derivative term does not can-
cel the contribution from (!/µ)2; whereas it further in-
crease the magnitude of the correction by condensates. in
In Fig.10, we show the perturbative estimation of trace
anomaly in two-flavor CSC matter. As one can see, the
trace anomaly significantly decreases and goes to nega-
tive. This negativity of trace anomaly is first suggested
from the NS observation-based analysis [], and checked in
several models by Lattice calculation []. Our results are
the first results to show that in two-flavor CSC matter,
the trace anomaly can be negative due to the effect of
condensate even at high-density where perturbative cal-
culation is valid. To examine the behavior of the trace
anomaly in the much lower-density region where the non-
perturbative effect becomes relevant, the behavior when
!2SC is also shown in Fig.10. It suggests that the per-
turbative result becomes more deeply negative at lower
densities.
So far we have considered only 2-flavor matters. In the

case of three-flavor CSC, the strength of the OGE dia-
gram is similar to that of two-flavor CSC, so there should
be no difference in the density-dependence of condensates
between the two cases. In particular, in the case of the
color flavor locking phase phase, which is expected to be
realized in high-density regions, it has been found from
the analysis of the gap equation that the maginitude of
condensate is the almost same as that of two-flavor CSC
matter, with only a correction for the overall constant [].
Therefore, we can expect the same behaviour of the trace
anomaly and speed of sound as in the present study for
three-flavor CSC matter. Therefore, if the observational
constraints of EoS at higher-density regions are advanced
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FIG. 7. Comparison of the normalized trace anomaly without
∆2c (red dashed lines) and with ∆2c (blue solid lines).

FIG. 8. Comparison of the normalized trace anomaly without
∆π (red dashed lines) and with ∆π (blue solid lines).

find:

T =
1

3
− p

ε

" µ

9

εγ0(g)

εµ
− 2

9
γ1(g)

!

µ

(!
µ

− ε!

εµ

)
. (23)

It is important to note that in this case, again, !-induced
corrections appear in the form of the di”erence of the
! and its derivative. For ! ∼ O(ΛQCD) and !/µ $
ε!/εµ, only the first term ∝ (!/µ)2 becomes dominant
and the ! correction should be negative.

More interestingly, in Eq. (23), the derivative contri-
bution appears with the non-derivative one in the form of
!/µ− ε!/εµ, so that the relative sign is crucial. When
the gaps grow up rapidly as the density get lowered, we
have ε!/εµ < 0 and there is no cancellation between
!/µ and ε!/εµ. This makes a sharp contrast to the be-
havior of the speed of sound; (ε!/εµ)2 cancels (!/µ)2

regardless of the sign of the derivative.

FIG. 9. Comparison of the normalized trace anomaly without
∆2SC (red dashed lines) and with ∆2SC (blue solid lines). The
green line represents the results with ∆2SC = ”QCD.

In Figs. 7, 8, and 9, we show our perturbative results
for the normalized trace anomaly T for the diquark su-
perfluid in QC2D, the pion-condensed high-isospin mat-
ter, and the 2SC quark matter, respectively. Clearly, the
trace anomaly is significantly modified by the e”ects of
!α &= 0 and it tends to go negative, as suggested from
the NS data analysis [11] and confirmed in LQCD cal-
culations [12, 13, 17, 18]. The results in Figs. 7 and 8
are not very surprising in view of the corresponding en-
hancement in the speed of sound as presented in Figs. 4
and 5.

It is highly nontrivial that !2SC substantially a”ects
the normalized trace anomaly around µq " 1 GeV
as seen from Fig. 9, while the change in the speed of
sound in Fig. 5 is only minor. Although the uncertainty
band is large, T could become negative by the e”ects of
!2SC within the perturbative framework. At the same
time, the crossing behavior of the uncertainty band by
X = 1, 2, 4 indicates that the validity of the perturba-
tive analysis may break down at lower densities. We
cannot extrapolate our perturbative results to the non-
perturbative regions at lower densities, and nevertheless,
it would be instructive to see the impact of the non-
perturbative e”ects qualitatively. To this end, instead
of using the gap equation solution, we set !2SC = ΛQCD

by hand and calculate T using the expressions in terms
of !2SC. Then, the normalized trace anomaly is further
pushed down negatively, as shown by the green line in
Fig. 9. This is a desirable output, and one may think
that some non-perturbative mechanism to enhance !2SC

must be implemented in the calculations, but it is a sub-
tle question how to keep consistency as we discuss in the
next section.

Negative values 
are strongly favored.



November 21, 2024 @ online seminar

Perturbative Approaches

37

Fukushima-Minato (2024)

7

FIG. 7. Comparison of the normalized trace anomaly without
∆2c (red dashed lines) and with ∆2c (blue solid lines).

FIG. 8. Comparison of the normalized trace anomaly without
∆π (red dashed lines) and with ∆π (blue solid lines).

find:

T =
1

3
− p

ε

" µ

9

εγ0(g)

εµ
− 2

9
γ1(g)

!

µ

(!
µ

− ε!

εµ

)
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It is important to note that in this case, again, !-induced
corrections appear in the form of the di”erence of the
! and its derivative. For ! ∼ O(ΛQCD) and !/µ $
ε!/εµ, only the first term ∝ (!/µ)2 becomes dominant
and the ! correction should be negative.

More interestingly, in Eq. (23), the derivative contri-
bution appears with the non-derivative one in the form of
!/µ− ε!/εµ, so that the relative sign is crucial. When
the gaps grow up rapidly as the density get lowered, we
have ε!/εµ < 0 and there is no cancellation between
!/µ and ε!/εµ. This makes a sharp contrast to the be-
havior of the speed of sound; (ε!/εµ)2 cancels (!/µ)2

regardless of the sign of the derivative.

FIG. 9. Comparison of the normalized trace anomaly without
∆2SC (red dashed lines) and with ∆2SC (blue solid lines). The
green line represents the results with ∆2SC = ”QCD.

In Figs. 7, 8, and 9, we show our perturbative results
for the normalized trace anomaly T for the diquark su-
perfluid in QC2D, the pion-condensed high-isospin mat-
ter, and the 2SC quark matter, respectively. Clearly, the
trace anomaly is significantly modified by the e”ects of
!α &= 0 and it tends to go negative, as suggested from
the NS data analysis [11] and confirmed in LQCD cal-
culations [12, 13, 17, 18]. The results in Figs. 7 and 8
are not very surprising in view of the corresponding en-
hancement in the speed of sound as presented in Figs. 4
and 5.

It is highly nontrivial that !2SC substantially a”ects
the normalized trace anomaly around µq " 1 GeV
as seen from Fig. 9, while the change in the speed of
sound in Fig. 5 is only minor. Although the uncertainty
band is large, T could become negative by the e”ects of
!2SC within the perturbative framework. At the same
time, the crossing behavior of the uncertainty band by
X = 1, 2, 4 indicates that the validity of the perturba-
tive analysis may break down at lower densities. We
cannot extrapolate our perturbative results to the non-
perturbative regions at lower densities, and nevertheless,
it would be instructive to see the impact of the non-
perturbative e”ects qualitatively. To this end, instead
of using the gap equation solution, we set !2SC = ΛQCD

by hand and calculate T using the expressions in terms
of !2SC. Then, the normalized trace anomaly is further
pushed down negatively, as shown by the green line in
Fig. 9. This is a desirable output, and one may think
that some non-perturbative mechanism to enhance !2SC

must be implemented in the calculations, but it is a sub-
tle question how to keep consistency as we discuss in the
next section.

* Pion-condensed high-isospin matter
Negative values 
are strongly favored.
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FIG. 10. The perturbative result of trace anomaly. In order
to estimate the effect of diquarks at low densities, we also
included a line with a constant ”2SC. As explained in the
main text, the diquark correction improve the behaviour of
the trace anomaly. This is opposite to the speed of sound
shown in Fig ??. The difference stems from the different roles
of the differential terms in (23) and (24).

regarded as constant as shown by the dashed blue line
in Fig. 9 and the derivative terms can be dropped in
Eq. (23). Under this simplification, only the (!/µ)2

term of O(1) for µ ∼ ”QCD contribute to raise the
speed of sound. On the other hand, in the case of the
2SC quark matter, the diquark condensate turns out
to be much smaller than ”QCD at high density with
µ/”QCD ∼ O(10). Because the condensate rapidly in-
creases at lower densities, |∂!/∂µ| ∼ |!/µ| is realized.
The derivative term (∂!/∂µ)2 overcomes the positive
contribution of (!/µ)2 in Eq. (23), and then the speed
of sound decreases. The microscopic origin of these dif-
ferences lies in the strength of the one-gluon-exchange
(OGE) interaction. Since the color-singlet channel is the
most attractive in the gluon interactions, the order of the
OGE strength is (isospin) > (QC2D) " (2SC). Because
of the strong suppression of the 2SC gap at high density,
the condensate should rapidly be rising at lower densities.

Then, will this rapid growth of the gap continue in-
definitely? At µ ∼ ”QCD, the diquark condensate will
increase to O(”QCD) due to the non-perturbative attrac-
tive interactions. At this scale, quantities with a mass
dimension D would roughly scale as O(”D

QCD), and thus
the rate of change of the diquark condensate would be-
come small; !/µ " ∂!/∂µ. At this stage, the conden-
sate stop increasing and (!/µ)2 term in (23) will raise the
speed of sound. Such a picture should be well described
by the quark-meson-diquark model. Recent calculations
[] predict that the speed of sound begins to increase at
about µ ∼ 1.5 GeV, and the maximum value is c2s ∼ 0.38
at µ ∼ 0.4 GeV. This maximum value is smaller than
the observational data from neutron stars and the lat-
tice calculations of QC2D and isospin matters show, but
qualitatively not so bad.

These qualitative analysis also holds for trace anoma-
lies as well. The formula for the trace anomaly corre-
sponding to (23) is given by

T =
1

3
− p

ε

=
1

9
µ
∂γ0
∂µ

− 2

9
(1− γ0)γ1

!

µ

(!
µ

− ∂!

∂µ

)
. (24)

It is important to note that in this case, again, the correc-
tion by the gap appears in the form of the difference of the
! and its derivative. When the condensate is O(”QCD)
and its derivative is much smaller than the magnitude
of the condensate, !/µ " ∂!/∂µ, only the first term
(!/µ)2 gives O(1) contribution. Then, the correction by
condensates becomes negative.
More interesting behaviour appears when the conden-

sate rises rapidly as it goes to lower densities. In the
case of the speed of sound, the negative contribution
by derivative term (∂!/∂µ)2 cancel the positive con-
tribution by comes from (∂!/∂µ)2, and these contri-
butions (!/µ)2, and the speed of sound decreases (see
the 2SC case of Fig.??). On the other hand, in (24),
the derivative contribution comes from (∂!/∂µ), and it
depends on the sign of the derivative. When the con-
densate grows rapidly as the lower density goes, the sign
of the derivative is negative. Therefore, in contrast to
the speed of sound, the derivative term does not can-
cel the contribution from (!/µ)2; whereas it further in-
crease the magnitude of the correction by condensates. in
In Fig.10, we show the perturbative estimation of trace
anomaly in two-flavor CSC matter. As one can see, the
trace anomaly significantly decreases and goes to nega-
tive. This negativity of trace anomaly is first suggested
from the NS observation-based analysis [], and checked in
several models by Lattice calculation []. Our results are
the first results to show that in two-flavor CSC matter,
the trace anomaly can be negative due to the effect of
condensate even at high-density where perturbative cal-
culation is valid. To examine the behavior of the trace
anomaly in the much lower-density region where the non-
perturbative effect becomes relevant, the behavior when
!2SC is also shown in Fig.10. It suggests that the per-
turbative result becomes more deeply negative at lower
densities.
So far we have considered only 2-flavor matters. In the

case of three-flavor CSC, the strength of the OGE dia-
gram is similar to that of two-flavor CSC, so there should
be no difference in the density-dependence of condensates
between the two cases. In particular, in the case of the
color flavor locking phase phase, which is expected to be
realized in high-density regions, it has been found from
the analysis of the gap equation that the maginitude of
condensate is the almost same as that of two-flavor CSC
matter, with only a correction for the overall constant [].
Therefore, we can expect the same behaviour of the trace
anomaly and speed of sound as in the present study for
three-flavor CSC matter. Therefore, if the observational
constraints of EoS at higher-density regions are advanced

* 2SC quark matter
Not bad…?
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FIG. 10. The perturbative result of trace anomaly. In order
to estimate the effect of diquarks at low densities, we also
included a line with a constant ”2SC. As explained in the
main text, the diquark correction improve the behaviour of
the trace anomaly. This is opposite to the speed of sound
shown in Fig ??. The difference stems from the different roles
of the differential terms in (23) and (24).
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in Fig. 9 and the derivative terms can be dropped in
Eq. (23). Under this simplification, only the (!/µ)2

term of O(1) for µ ∼ ”QCD contribute to raise the
speed of sound. On the other hand, in the case of the
2SC quark matter, the diquark condensate turns out
to be much smaller than ”QCD at high density with
µ/”QCD ∼ O(10). Because the condensate rapidly in-
creases at lower densities, |∂!/∂µ| ∼ |!/µ| is realized.
The derivative term (∂!/∂µ)2 overcomes the positive
contribution of (!/µ)2 in Eq. (23), and then the speed
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most attractive in the gluon interactions, the order of the
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definitely? At µ ∼ ”QCD, the diquark condensate will
increase to O(”QCD) due to the non-perturbative attrac-
tive interactions. At this scale, quantities with a mass
dimension D would roughly scale as O(”D

QCD), and thus
the rate of change of the diquark condensate would be-
come small; !/µ " ∂!/∂µ. At this stage, the conden-
sate stop increasing and (!/µ)2 term in (23) will raise the
speed of sound. Such a picture should be well described
by the quark-meson-diquark model. Recent calculations
[] predict that the speed of sound begins to increase at
about µ ∼ 1.5 GeV, and the maximum value is c2s ∼ 0.38
at µ ∼ 0.4 GeV. This maximum value is smaller than
the observational data from neutron stars and the lat-
tice calculations of QC2D and isospin matters show, but
qualitatively not so bad.

These qualitative analysis also holds for trace anoma-
lies as well. The formula for the trace anomaly corre-
sponding to (23) is given by
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It is important to note that in this case, again, the correc-
tion by the gap appears in the form of the difference of the
! and its derivative. When the condensate is O(”QCD)
and its derivative is much smaller than the magnitude
of the condensate, !/µ " ∂!/∂µ, only the first term
(!/µ)2 gives O(1) contribution. Then, the correction by
condensates becomes negative.
More interesting behaviour appears when the conden-

sate rises rapidly as it goes to lower densities. In the
case of the speed of sound, the negative contribution
by derivative term (∂!/∂µ)2 cancel the positive con-
tribution by comes from (∂!/∂µ)2, and these contri-
butions (!/µ)2, and the speed of sound decreases (see
the 2SC case of Fig.??). On the other hand, in (24),
the derivative contribution comes from (∂!/∂µ), and it
depends on the sign of the derivative. When the con-
densate grows rapidly as the lower density goes, the sign
of the derivative is negative. Therefore, in contrast to
the speed of sound, the derivative term does not can-
cel the contribution from (!/µ)2; whereas it further in-
crease the magnitude of the correction by condensates. in
In Fig.10, we show the perturbative estimation of trace
anomaly in two-flavor CSC matter. As one can see, the
trace anomaly significantly decreases and goes to nega-
tive. This negativity of trace anomaly is first suggested
from the NS observation-based analysis [], and checked in
several models by Lattice calculation []. Our results are
the first results to show that in two-flavor CSC matter,
the trace anomaly can be negative due to the effect of
condensate even at high-density where perturbative cal-
culation is valid. To examine the behavior of the trace
anomaly in the much lower-density region where the non-
perturbative effect becomes relevant, the behavior when
!2SC is also shown in Fig.10. It suggests that the per-
turbative result becomes more deeply negative at lower
densities.
So far we have considered only 2-flavor matters. In the

case of three-flavor CSC, the strength of the OGE dia-
gram is similar to that of two-flavor CSC, so there should
be no difference in the density-dependence of condensates
between the two cases. In particular, in the case of the
color flavor locking phase phase, which is expected to be
realized in high-density regions, it has been found from
the analysis of the gap equation that the maginitude of
condensate is the almost same as that of two-flavor CSC
matter, with only a correction for the overall constant [].
Therefore, we can expect the same behaviour of the trace
anomaly and speed of sound as in the present study for
three-flavor CSC matter. Therefore, if the observational
constraints of EoS at higher-density regions are advanced
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Cancellation NOT seen in the trace anomaly:

The true answer could be 
a curve like this ?
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Conclusions

Speed of sound at high density may increase above 
the conformal value.  This could be confirmed by 
the heavy-ion collision. 

Trace anomaly is going negative and it implies the 
presence of some condensates.  Color-super? 

Non-perturbative effects should be considered in a 
consistent way for three parallel systems. 

Trace anomaly is rather straightforward, but the 
speed of sound is more subtle…
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