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= de Broglie Wavelength of a particle B
R h h e
A=-=

p \/ZmEk~\/2kaT FeX

T ~ 300 K, the wavelength of electron, H, O, Pt ames:

Ae ~ 76.3 A = large wave characteristics expected!
Solving the wave equation—Schrdalinger Equation.

Ay~ 1.78 A = comparable with bond lengths!
Ao~ 0.45 A > smaller than atomic radii.
Ao~ 0.13 A > much smaller than atomic radii.
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Numerically, the diffusion path can be divided into (N+1) parts/regions

V(x) 4 l/) —_— with magnitude 7, for the nth region:
Ll A;e™L
—iKpx Pn(x) ~ Aneknx * Bne_knxa kyn = \/zm(Vn — E) /1%,
B e "L

Using the condition of wave function match (Y, = Y415 Y = Pypq) at X

| The jth transition matrix
l/)L — ALeika ) BLe—ikL:
l/)R = ARelka £ BRe_lkR

M, = i (k] + kj_l)e_(kj_kj_l)xj (k] — k]._l)e_(kj+kj—1)xj
/- ij (kj _ j—1)e(kj+kj—1)xj (k] 4 kj_l)e(kj—kj_l)x]'

Then the chain product of M) gives the transfer matrix M

M = MyM M; .. MyMy = (00 1)
" e N N_l ' _] aew 2 1 — m21 m22
K X The transmission probability at incident energy E:
Ml ] =
AR KR |M |2 KR
T,(E) = |55 =< 2£ = x Xr
*&8) AL Ky |m22|? Kp

PR
TMM: Numerically Accurate at Quantum Level!!

i |
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Theorem. — For any E < Ej, the transmission coefficient (tunneling probability)

nm m+60+2ka

across a homo-structured double-barrier Tpg(E; w) =1 at w =|w,, = ——

where 8 = arg(m;,2), n (referred to as resonance number) belongs to integers.

SHER R ERNH 2, REERREAL2
[B]EE, MLP] PASEERILHRPEZE ! | Phys. Rev. Res. 6, 013087(2024)




XU 22 L3 i 57 1 — LRARFAE

| —

1.8
80+ Il Rectangle (c) : [E5 Rectangle (d)
I Parabolic 1.5- B Parzbolic
electron proton
~— 604 — 1.2
= ~ 0.9-
S F
0.64
204 |
0.34
04 0.0-
0 1 2 3 4 5 6 7 8 9 10 11 01 2 3 4 5 6 7 8 9 10 11

nNer




;W)

T(E

T(E;w)

1.2

LR (R RRAE 534

0.94
0.6 -

0.3 4

0.0

——

—— b

T(E;w)

1.4

1.0
0.9+
0.8 4

0.7 -

0.6

10

20

1.2

ry 4

0.9-
0.6
0.3

0.0

g N+3

" E=05eV (a)

AN
00090

Es=1eV

0.

0

0.2

1.01

0.8
2 061

-

&
—~ 0.4

0.21
0.0

500

550

600
n’W

650

700

05« 05 05+
Energy (eV)

W = (1hy - mp)XAl + Wy, 1,= 596 and Al = 10" A

w =20.137016632763302 A

e=10""ev




r B AN HE B % B8 H R

% 4 fa x4z &
AR F 5 LK (FW
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1
|AW| - ksinh(2ka)

Aw| = 1 f 1
2k \| R(14+R)

k=,2mE/hR2  R=]

SP (0<8P<1): M=
OP = 0.5. which yields the

W S AR A

H k%0 F 54 % (FWHM)
IE:w) =05 BT
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| 55 7% B Y 4
(kw)Xsmh(Zka)

‘ 1 7 SP A B RS 4
k(a+w) R(1+R) 1-6P

WF: KEIA, & E1eVE L, FiFHRT
|Aw| = 4.235 x 10~ 15A > T(E; w) =0.5
|AW|“ 10-13 A E>T(.E 'W) = 10-3 E=0.5¢eV

5| ~ 4.235 x 10716 £ 1E: w) = 0.5

5| =2 x107%° &> 7E: wy~ 1071135
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For the special case of resonance at half barrier height (Ezr = 0.5E5),

the dependence of |(Mpg);1|° on the more generalized perturbations to

double-barrier structure may be similarly deduced by using Taylor series to

the second order as below:

|(MDB)11|2 = 1+ sinh* (2ka) X (kTW)Z X (%) + sinh* (ka) [ AVl (AV:Z)ZI 4.

sinh? (2ka) x [(kAw)? + (kAx,)? + (kAx;)?%]

where the terms AE, AV, AV>, Aw, Axi, Ax; are small magnitude of changes in the
resonant energy E, in the barrier height (7o) of the first and second barrier, in the
inter-barrier spacing (w), and in the barrier width (a) of the first and second barrier,

respectively.
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Casimir forces

Perfectly reflecting walls impose
boundary conditions on
(standing) EM waves.

Sum over ‘allowed’ EM modes

(photons) e

N

FC _ 7T2 hC
A 240d*4

Attractive forces

fluctuations

From: Wikipedia

H.B.G. Casimir, Proc. Kon. Ned. Akad. v. Wetensch. B51, 793 (1948).



Casimir forces typically operate in the range of submicron to micron

The energy change per unit surface area may be calculated as follows:

2

hc
AE(d) =——x—

For a double-barrier with cross-section area A, the potential change at

a distance of x due to Casimir effect 1s

he
AV,(x) =— A x%x F where w, <x<w,+a+b, w,» (a+Db)
C> AV W) =— AxZ=x2% Given that A~w;2, th
0wt 720 wy3’ ven that A~wp,<, then
2 hc

It follows that AV, = 2.7 meV and 27 meV, respectively, for

w, =1um and 0.1 um, respectively. V, =1 eV, 5min] D2
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Aw=hxwPhsx, =Ax, =hxa; h=1x10"21

w and a are respectively the inter-barrier spacing and barrier width. In the case of Ezrr = 0.5Ej,

|(Mpg)11|? = 1 + sinh?(2ka) x h? x [(kw,)? + 2(ka)?]

The significant change of T(E), T(E) = 0.5, ie.,6P = 0.5 yields [(Mpp),1|* = 2, which gives that

sinh?(2ka) x h? x [(kw,)? + 2(ka)?] = 1 (12)

Let y = 2ka, recalling 2kw, = (2n — 1)1 for resonance at Ezr = 0.5E5, Eq. (12) may be rewritten as

sinh(y)y/[(2n — D)m]? + 2x2 = 2h7 L, (13)

where k =Y2"E _ ¥™Eb Tpe sth root X, = 2ka, puts Strong constraint on the barrier height (Es)
h

h

and barrier width (a) at inter-barrier spacing w,. For instance, y; = 45.5375 at wy = 4.33607172 A

and E,= 1 eV require that a = 62.85151757 A for a significant probability drop (5P = 0.5)

of electron tunneling




Table 1. Energetic and geometric parameters for the resonant tunneling of electrons
across homo-structured rectangular double-barriers, and the decrease of transmission
probability (6P) due to the strain (7 = 1x10-%!) induced by gravitational waves. For all
the double-barriers, resonance takes place at Err = 0.5Eb. The number of digits are set
by |Awl|. |AE| when T(Ert) = 0.5.

REI N ERAE, FEEZ2A RGN HE 244

-

n Xn Ep(eV) wa (A) a (A) oP
1 4.336 10 1.091x10-
1 45.5375
S 1 4.3360717180254546576 62.8515175683137030659 0.5
39.5031326064004559839 0.6898913321086561634 10 0.5
1 82.385 10 1.872x101
10 45.2686
- 1 §2.3853626424836420483 62.4803778905949016575 0.5
39.0379762135153995928 | 13.1079353100644677709 10 0.5
1 $62.878 10 1.941x10
100 43.2978
- 1 862.8782718870654662168 | 59.7602511637514837162 0.5
35.7128761915465986476 | 144.3900008925093061407 10 0.5
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[Ifnergr

Mx) V(x-L)

E n

>|< w > I

I',,: the energy broadening of the nth resonance level (£))
I
(B—En)*+I75

Near Resonance, Breit-Wigner formula T(E) =

When I'), > AE;,,, intrinsic FWHM. For resonance at 2E = E),
. i I 2
I((Mpg)11]2 = 1+ sinh? (2k(1 —E—b)a) X (k(1 —E—b)Aw)

Consequently, the deviation Aw which defines the FWHM at length scale is

. 1
|AW| = ——— o
k(l—E—)smh(Zk(l—E—)a)
b b
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Theorem. — For any E < Ep, the transmission coefficient (tunneling probability)

nm m+6+2ka

across a homo-structured double-barrier Tpp(E; w) =1 at w =|w,, = ady e

where 6 = arg(m,,%), n (referred to as resonance number) belongs to integers.

= FEERROLKI N & TR KA — SLE B ESEH |
BEZ, BALSH LUEES FRISERRERE, DMER/DRIR
WK, BEFERHNS2EEW,, MmEBILRREF

Xt TR SR, SEA ] SR R ANIE H B K

ST A, SRR RIESEE HEsE R ; —SEiXEHgG—
BT 1M ARERIAN, FE—ABRPZEERE, &

%mjﬂﬁﬁﬂﬁ‘[ﬁx
1p = \Ewl 6 x 1073 m
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O J%/J\é 1 . 2a
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= b
ﬁguﬁd‘ _ __|2ZmE _  |mlj,
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HETRKBH 2
1 1 5P
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gL 2k \/R(1+R) St Lmin
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AN B JREE ) B2 R
= NAfE JE R (uncertainty principle) BIZ) R

B SR T B R M OARIE RS o ~ AE for A[My, |25 = 1 and P(E)=0.5, Il

Table II. Parameters describing the RT of protons across rectangular double barriers
at £ = 0.5E3. With the deviation of AE or |Aw| from the parameters for resonance, the
tunneling probability drops from 1 to 0.5. The corresponding momentum broadening
Ap, and the minimum standard deviation of particle positions Ax,, are calculated using

the relation ApAx,, > A/2. In all cases the barrier widtha =1 A.

E, (eV) w (A) AE (eV) Aw| (A) Ap (kg.n/s) Ax,, (m)
1 20.137016632763302 || 2.103x107°| | 4.235x107" || 3.443x10™ 15314.7
0.5 20.17790917547 1.320x107%| | 5.328x10™"" || 3.056x107° 1.725
0.2 20.1380336 2.671x107 || 2.690x107 || 9.778x107*|]| [5.392x10™"
0.1 20.15963 1.101x107 | | 2.220x107 |} 5.700%107°|| [9.251x10°




A R E RV E LR —RRTTH

1 —¢g,(E)
\ - gZ(E)
! “ - - —g(E)
|
I

AE)

|N|:~
2



. BT

WEUNOINSON e
=T NSPRL

SEA &
3V BRI B

i3

e

=
/

=]

il

N
Ht.

Ky

£

A fh

|

A

Jjzz

3

2. BifhF

A

B SR ERAR &R (B8 =SR] 1
1. HFE

o
17

HiGER

T

(LS

TABLE III. Like Table II but for the RT of some typical bosons with incident energy E = 0.5E},. In all cases the barrier width a = 1 A,
and barrier height £, = 0.01Vp,, with Vipa, being the upper bound set by the Planck length. The Cooper pairs of electrons are represented by
e~ ...e . The energy broadening and resulted uncertainties of momenta and positions of mixed particle groups are displayed in the same lines
to make a comparison. The broadening parameter of energy is chosen such that oz = kg7, with kg the Boltzmann constant and 7, the phase
transition temperatures.

Boson Ly (eV) w(A)  |Aw|(A) AE (eV) op (eV) | Ap(kgm/s) o, (kgm/s) Ax, (m) oy (m)

e~ ...e~ (in Nb) 28.26 6.3439 3.16 x 107% 141 x 1072|| [ x 1073| 1.43 x 107%7 1.02x 1072  368.15 | 5.19 x 1077
“He 7.69 x 107% 6.3439 3.16 x 1072 B3I x 107 5x 1074 143 x 1077 187 x 10" 368.15 [2.82x 10710
TLi 439 x 1073 6.3439 3.16 x 1072 219 x 107/ 1 x 10719 143 x 1077 654 x 1073  368.15 | 8.07 x 107*
BNa 1.34 x 1073 63439 3.16 x 1072 6.67 x 10771 x 10719 1.43 x 10737 2,15 x 1073 368.15 | 2.45 x 107
8Rb 3.53 x 107% 6.3439 316 x 107 [1.76 x 1077[[ 1 x 107" 1.43 x 1077 8.13 x 107" 368.15 | 6.49 x 107
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More Detalls of the Work

Penetration of arbitrary double potential barriers with probability unity:
Implications for testing the existence of a minimum length

Yong Yang
Key Lab of Photovoltaic and Energy Conservation Materials, Institute of Solid State Physics, HFIPS, Chinese Academy of Sciences,
Hefei 230031, China
and Science Island Branch of Graduate School, University of Science and Technology of China, Hefei 230026, China

®  (Received 8 June 2022; accepted 7 December 2023: published 23 January 2024)

Quantum tunneling across double potential barriers is studied. With the assumption that the real space is
a continuum, it is rigorously proved that large barriers of arbitrary shapes can be penetrated by low-energy
particles with a probability of unity, i.e., realization of resonant tunneling (RT), by simply tuning the interbarrier
spacing. The results are demonstrated by tunneling of electrons and protons, in which resonant and sequential
tunneling are distinguished. The critical dependence of tunneling probabilities on the barrier positions not
only demonstrates the crucial role of phase factors but also points to the possibility of ultrahigh accuracy
measurements near resonance. By contrast, the existence of a nonzero minimum length puts upper bounds on
the barrier size and particle mass, beyond which effective RT ceases. A scheme is suggested for dealing with
the practical difficulties arising from the delocalization of particle position due to the uncertainty principle. This
work opens a possible avenue for experimental tests of the existence of a minimum length based on atomic
systems.

DOI: 10.1103/PhysRevResearch.6.013087

arXiv: 2206.04243; Phys. Rev. Res. 6, 013087(2024)
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